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PREFACE. 



The Differential and Integral Calculus is justly con- 
sidered the most difficult branch of the pure Mathematics. 

The methods of investigation are, in general, not as 
obvious nor the connection between the reasoning and 
the results so clear and striking, as in Geometry, or in 
the elementary branches of analysis. 

It has been the intention, however, to render the sub- 
ject as plain as the nature of it would admit, but still, 
it cannot be mastered without patient and severe study. 

This work is what its title imports, an Elementary 
Treatise on the Differential and Integral Calculus. It 
might have been much enlarged, but being intended for 
a text-book, it was not thought best to extend it beyond 
its present limits. 



4 PREFACE. 

The works of Boucharlat and Lacroix have been 
freely used, although the general method of arranging 
the subjects is quite different from that adopted by 
either of those distinguished authors. 

The present is a corrected, and it is hoped an improved 
edition. The first chapter has been entirely re-written, and 
some of the other parts of the work have been considerably 
altered. 

West Point, March^ 1843. 
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CHAPTER I. 
Definitions and Introductory Remarks. 

1. All the quanlilies which are considered in the Dif- 
ferential Calculus may be divided into two principal 
classes ; constants and variables. Each constant retains 
the same value throughout the same investigation ; but 
the variable quantities are subjected to certain laws of 
change, in consequence of which they may assume in suc- 
cession, an infinite number of different values, without 
changing the form of the expression into which they enter. 

The constant quantities are generally designated by the 
first letters of the alphabet, a, 6, c, &c. ; and the variable 
quantities by the final letters, a?, y, z, &c. 

2. If two variable quantities are so connected together 
that any change in the value of the one necessarily pro- 
duces a change in the value of the other, they are said to 
he functions of each other. 

Thus, in the expression 
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y and x are functions of each other; for, if any change 
be made in the value of Xj a corresponding change will 
tafte place in that of y ; and leciprocally. 

3. When the value of one variable depends on that of 
another, as in the expression 

y = ax^ or y = ca^^ 

if we attribute at pleasure any increment to one of the 
variables, a corresponding change will take place in the 
other ; and hence, if one of them be supposed to increase 
or decrease according to any independent or arbitrary 
law, a corresponding change of the other will take place 
according to the law of relation which exists between 
them. The one to which the arbitrary increment is 
given, is called \hQ inde'pendent variable, oi simply 'tlie 
variable, and the other is called the function. 

4. The relation between a function and its variable is 
generally expressed thus : 

y '-^A^l 
in which / is a mere symbol, denoting that y and x are 
functions of each other. The expression is read, y a 
function of x^ or y equal to a function of x* 

The mutual dependence of one variable on another 
may also be expressed under the form 

f{x,y) = 

in which y is a function of a?, and x a function of y. 

5. Functions are either increasing or decreasing. An 
increasing function is that which increases when its vari- 
able increases, and decreases when its variable decreases 
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Thus, in the expressions 

y and u are increasing functions of x; since, if x be in- 
creased,y and u will both increase ; and if a? be diminish- 
ed y and u will both decrease. 

A decreasing function is that which increases when iui 
variable decreases, and decreases when its variable in- 
creases. Thus, in the expression 

1 

X 

y is a decreasing function of x; for, if x is decreased 
y will increase ; and reciprocally. 
In the expression 

y = (« - ^)S 

y will decrease while x increases between the limits of 
zero and a; but will increase with x for all values of a? 
greater than a. Hence, y is a decreasing function of a^ 
for all values of x less than a, and an increasing func- 
tion of X for all values of x greater than c 

6. Functions are either eocpUcit or implicit. An ex- 
plicit function is when the value of the function is di- 
rectly expressed in terms of the variable on which it de- 
pends. Thus, in the expressions 

u = 6d7^, y = Va* — ar^, 
u and y are explicit functions of x. 

An implicit function is one where the value is not 
directly expressed in terms of the variable. Thus, in 
the expressions 
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aw* + ctj?' = hx^y y* + a? = a* — a?*, 
u and y are implicit functions of x» These expression* 
may be written under the form 

J[u,x) = 0, and J[y,x) = 0. 

The relation between an implicit function and its variable 
may also be expressed by means of two or more equa- 
tions. Thus, if we have 

z = ay\ and y =^aXf 

z is an implicit function of x. 

These expressions may be written 

^ =/(y)> and y ^J{x) ; 

or we may write 

f{z,y) = 0, and /(y,a:) = 0. 

7. Functions are either algebraic or transcendental* 

8. An algebraic function is one in which the relation 
between it and its variable can be expressed algebraically 
— that is, by addition, subtraction, multiplication, division, 
or the extraction of rootsT indicated by constant indices. 
Thus, in the expressions 



u = aa? + ex, y = -y/a^ — a^, 

u and y are algebraic functions of x> 

9. Transcendental functions are those in which the 
relation between the function and its variable cannot be 
determined by methods purely algebraic. For example \ 

M = a*, tt = log. a?, 11 = sina?^ 

are transcendental functions. 
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When the variable enters as an exponent, it is called 
an exponential function ; when it enters as a logarithm^ 
it is called a logarithmic function ; and when it enters as 
a sin., tang., cos., &c., it is called a cwcular function. 
Thus, in 

ti = a*, 1/ is an exponential function of x ; 
u = log J7, u is a logarithmic function of x; 
u = sin x,uisBL circular function of x. 

10. Although the values of the function and variable 
may be changed at pleasure without affecting the values 
of the constants with which they are connected, there is, 
nevertheless, a relation between them and the constants 
which it is important to consider. 

If, in the equation 

a particular value be attributed either to x or y, the otner 
will be expressed in terms of this value and the constant 
quantities which enter into the primitive equation. Thus, 
in the equation 

y = aa? + 5, 

if a particular value be attributed to Xj the corresponding 
value of y will depend on the value assigned to x^ and on 
^1 and b; or if a particular value be attributed to y, the 
corresponding value of x will depend on that value, and 
on a and 6. The same will evidently be the case in the 
equation 

ar» + y« = U» 
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or in any equation of the form 

Hence, we see that, although the changes which take 
place in the values of the function and variable are entire- 
ly independent of the constants with which they are con- 
nected, yet their absolute values are dependent on those 
constants. 

1 1 . Since the relations between the variables and con- 
stants are not affected by the changes of value which the 
variables may experience, it follows that, if the constants 
be determined for particular values of the variables, they 
will be known for all others. 

Thus, in the equation 

a:^ + y2 = i^^ 
if we make a?=0, we have 

or, if we make y=0, we have 

a? = =h jR. 

12. The function y, and the variable a?, may be so re- 
lated to each other as to reduce to at the same time 
Thus, in the equation 

y2 = 2pa?, 
which may be placed under the general form 
y(a?,y) = 0, or y =/(^), 

if we make a? = 0, we have y = 0, or if we make y = 0, 
we fchall have a? = 0. 
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13. We have thus far supposed the function to depend 
on a single variable ; it may however depend on several. 

Let us suppose, for example, that u depends for its value 
on a?, y, and z ; we express this dependence by 

If we make a?=0, we have 

if we also make y=0, we have 

u = f{z ; 

and if, in addition, we make 2: = 0, we have 

u=. a constant^ • 

which constant may itself be equal to 0. 
If the function be of the form 

u=b + ax+ ya? + za?y 

in which one of the variables is a factor of several of the 
terms, then, if a? = 0, we sl\all have 

M =6; 

or, if X were a factor of all the terms, we should have, 
for a? = 0, w = 0. 

14 Let us now examine the change which takes place 
ip the function, in consequence of any change that may 
be made in the value of the variable on which it depends. 

Let us take, as a first example, 

u=^ax^y (1) 
and then suppose x to be increased by any quantity A. 
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Designate by vf the new value which u assumes^ under 
this supposition, and we shall have 

or, by developing, 

u* = ax^ + 2axh + aA'. 

If we subtract the first equation from the last, we shall 

have 

u^ — w = 2axh + all? ; 

hence, if the variable x be increased by A, the function 
will be increased by 2aa?A + oA^. 

If both members of the last equation be divided by A, 
we shall have 

— II— = 2aa? + dhy 
h 

which expresses the ratio of the increment of the variable 

to that of the function. 

Let us take, as a second example, 

u = 0?^ (2) 

and suppose x to be increased by a quantity A; desig- 
nating by u' the new value which u assumes under this 
supposition, and we shall have 

w^ = (a: + A)3, 

and, by developing, 

u^ = a:3 + 3a;2^ + 3a.^3 ^ ^3 ^ 

By transposing x^, substituting for it its value t^, and 
then dividing by A, we have 

i^-=ii = 3a:2 + 3a:A+Al 
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From eqaation (l) we have 



h 
and from equation (2), 



= 2ax + ah ; 



= Sx^ + 3xh + h\ 



h 
15. Let us now observe that the numerator in the first 

member of each of the above equations, is the difference 
between the primitive function t/, and the new value t/ i 
which arose from giving an increment h to the variable 
a:, of which w is a function. Hence we see, that the first f 
member of each equation is equal to the increment of 
the function divided by the corresponding increment of 
the variable. 

If we examine the second members of these equations, 
we find a term in each which does not contain the in- 
crement A, viz. : in the first, the term 2aXf and in the 
second, 3x\ If now, we suppose h to diminish, it is 
evident that the terms 2aar, and 3x\ which do not contain 
h, will remain unchanged, while all the terms which 
contain h will diminish. Hence, the ratio 

in either equation, will change with A, so long as /* re- 
mains in the second member of the equation ; but of all 
Ine ratios which can subsist between 

~"A~' 
18 there one which does not depend on the value of A ? 

We have seen that as h diminishes^the ratio in tlie first 

2 
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equation approaches to 2aXf and in the second to 3j;^ ; 
hence, 2ax and Sx^, are the limits towards which the 
ratios approach in proportion a A is diminished ; and 
hence, each expresses that particular ratio which is in- 
dependent of the value of h. This ratio is called the 
limiting ratio of the increment of the variable to the 
I corresponding increment of the function, 

16. We are now to explain the notation by means of 
which this limiting ratio is to be expressed. For this 
purpose let us resume the equation 

^!LzJi-^2ax + aK 
h 

and represent by dx the last value of A, that is, the valu^ 
of h, which cannot be diminished, according to the law of 
change to which h or x is subjected^ without becoming 
and let us also represent by du the corresponding dif- 
ferenee between u^'and u; we then have 

— = 2ax, 
dx 

The letter d is used merely as a characteristic, and the 
Expressions du, dx, are read, differential of w, differential 

of X. 

It may be difficult to understand why the value which 

h assumes in. passing to the limiting ratio, is represented 
by dx in the first member, and made equal to in the 
second. We have represented by dx the last value of A, 
and this value forms no appreciable part of h or x. For, 
if it did, it might be diminished without becoming 0, and 
therefore would not be the last value of A. By designa- 
ting tliis last value by dx, we preserve a trace of the 
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letter a;, and express at the same time the last change 
which takes place in A, as it becomes equ^l to 0. For a 
like reason the last difference between vf and u is desig- 
nated by du. 

The limiting ratio in equation (2) is 

dx 
The limiting ratio of the increment of the variable to 
that of the function, which has been found in the pre- 
ceding equations, is called the differential coefficient ofxx \ 
regarded as a function of x. 

17. Let us take, as another example, the function 

tt = aar* ; (3) 
if we give to a: an increment h, we shall have 

u'=sax^ + AaaPh + dax^h^ + ^axh^ + aA*,' and 



vf --u 



= ^00? + Qaa^h + ^ah? +'aA^ 



/ h 

and, by taking the limiting ratio, we have for th« differ- 
ential coefficient, 

dx 

18. If it were required to find the differential of the 
function «, after we had formed its differential coefficient, 
it could be done by simply muliplying the differential 
coefficient hy the differential of the variable ; thus, from 
equation (1) we should have 

du = 2axdx ; 
from the second, 

du=^3a^dx; 
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and from the third, 

du = ^ax^dx. 

The differential of each function may also be written 

under the following form : 

du 
Eq. ly -j-dx = 2axdx; 

du 
Eq. 2, * 5""^^ ~ Sx^dx; 

m 

Eq. 8, d~^ ~ ^(laPdx; 

which, indeed, is nothing more than finding the differen- 
lial of the function by multiplying the differential coefficient 
expressed in the first member of the equation^ by the dif- 
ferential of the variable. 

19. Let us now examine each of the three equations 
which we have considered, and observe the /orm of the 
expression for the difference between the two states of 
the function u. 

From the first equation we have 

1/ ^u== 2axh + aJi^; 
frond the second, 

u' - « = 3x^h + Sxh^+h^; 

and from the third, 

tt' — IX = ^aaPh + Qao^h^ + ^axh^ + ah\ 
We see in each of the expressions for the difference 
between the two states of the function w, that the first 
term of the difference contains the first power of the in- 
crement hy and that the coefficient of this term is the 
di^ential coefficient of the function u, or the limiting 
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ratio of the increment of the function to that of the titIp 
able. This differential coefficient ii, in general, a fine 
tion oi X. 

If, now, in either of the expressiona, we repreaent tbs 
differential coefficient, or limiting ratio, by £g^all the 
following terms of the difference by P'J^'^E^mch P 
will in general be a functioa of h), the differeiiee Jasj b* .- 
written under the form 

«'-a = PA + P'A*; * 
end we shall assume that what has been prorcd in regard 
to the three forms of tho function u which ire hare con- 
sidered, i3 equally true for all other fonni. TliiB form, 
for the difTeience between the two itatea o£,tbe AinctioD, 
is innpoitant, and should be carefully remeiobered. ,If, 
then, we have afunclion of the form 

.=^«). ■ = 

and giv^to x an increment A, ve shair have 
u'-u=Ph + P'h*. ■ 
If, now, we wish the ratio of the increments, we haTa 

and, passing to the limiting ratio, 

■ . dx ' 

and, if we wisB the differeniial of the function u, we have 
dtt = Pdx, 
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the differenlial coefficient by Q, the diflference would be 
represented by 

du 
and j^dx = Qdx. 

We may cdnclude from the above, that if we have the 
difference between two states of a function, as 

that we can immediately pass to the differential ofu^bt/ 
writing du for u'— u, substituting dxfor h in the second 
member^ and omitting the terms which contain h^ 

20. If two functions, u and v, dependent on the same 
variable, are equal to each other, for all possible values 
which may be attributed to that variable, the differentials 
of those functions will also be equal. 

For, suppose x to be the independent variable. W& 
shall then have (Art. 15), 

v'-v^Qh + Cth^ 
in which Q is the differential coefficient of v, regarded as 
a function of x* 

But, since u^ and t/ are, by hypothesis, equal to each 
other, as well as u and v. we have 

PA + P'A' = QA + Q'/tV' ' 
or, by dividing by h and passing to the limiting ratio, 

- du dv 

. hence, ^ = ^, 
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du dv . 

and -j-dx = -rdx. 

ax dx 

that IS, the differential of u is equal to the differential of v. 

21. The reverse of the above proposition is not gene- 
rally true ; tlial is, if two differentials are equal to each 
other, we are not at libertij to conclude that the functions 
from which they were derived are also equal. 

For, let 

w = t; ± il, 

in which A is a constant, and u and v both functions of 
X, Giving to x an increment A, we shall have 

from which subtract the primitive equation, and we ob- 

tain 

u^ — w=t;'— v, 

and, by substituting for the difference between the two 

states of the function, we have 

Ph + P'h^= Qh + QV 

Dividing by A, and passing to the limiting ratio, we 

I 

obtain 

^ ^ 1 . du dv 
P = Q: that IS ^ = ^; 

du . dv. 

hence, •j-dx=Tdx: 

ax dx 

or, what is the same thing, by merely changing the form, 

du = dv. 
Here we see that although v may be greater or less than 
u by the constant quantity i4, still its differential will 
always be equal to that of u. 
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Hence, also, we conclude that every constant quantity^ 
connected with the variable by the sign plus or minus, 
will disappear in the differentiation. 

The reason of this is apparent; for, as a constant ad- 
mils of no increase or decrease, there is no ultimate or 
last diflference between two of its values ; and this ulti- 
mate or last difference is the differential of a variable 
function. Hence the differential of a constant quantity 
is equal to 0. 

22. If we have a function of the form 

in which u and v are both functions of Xj and give to x 
an increment hj we shall have 

m' — t/ = Aiy — v)j 

or Ph + P'K' = ^( QA + Qh^) ; 

and, by dividing by A, and passing to the limiting ratio, 

we have 

P = AQ, 

or Pdx = A Qdx. 

But Pdx = du, and Qdx = dv, 

hence, du — Adv ; 

that is, the differential of the product of a variable 

quantity by a constant^ is equal to the differential of the 

variable multiplied by the constant* 
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CHAPTER II. 

Diff'erentiation of Algebraic Functions — Succes- 
sive Differentials — Taylor^ s and Maclauriris 
Theorems. 

23. Algebraic functions are those which involve the sum 
or difference, the product or quotient, the roots or powers, 
of the variables. They may be divided into two classes, 
real and imaginary. 

24. Let it be required to find the differential of the 
function. 

If we give to a? an increment A, and designate the 
second state of the function by u^y we shall have 

!/= 00? + aZt = tt + aA, 



h 



= a: • 



hence, du=^adx. or -r-dx^adx. 

dx 

25. As a second example, let us take the function 
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If we give lo x an increment A, we have 

u'= ar'+ 2ahx + aA', 

v! — V. 

— - — = 2ax + oji : 
n 

hence, cZt/ = 2 aa? dx. 

26. For a third example, take the function 

u — ao^'. 
giving to X an increment A, we have 

= 3aa?+ 3aa?A + oA^ 



\ji —u 



A 

or passing to the limit 
du 



dx 



= 3 ao? ; hence, dw = 3 aa;^ dx. 



27. Let us now suppose the function u to be composed 
of several variable terms : that is, of the form 

in which y, z^ and w^ are functions of x. 

If we give to x an increment A, we shall have 

tt'— w = (y'— y) + (2:'— 2: ) — (ti;'— t^?) : 
hence, (Art. 19), 

w^- M = (PA + P'h^) + (QA + Q^A^) - (LA + Vh^\ 



or, :fJ=Jl = (P + FA) + (Q+Q^A)-(7 uL^A 



tZ'-W .^ «,, X . ,^ . ^..X ., . X,., 



or by passing to the limit 

du 



= P+Q-L, 
ax 
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and multiplying both members by dx, we have 

du 
-j-dx = Pdx+ Qdx — Ldx. 

But since P, Q, and L, are the differential coefficients 
of y, Zy and %o^ regarded as functions of a?, il follows (Art. 
18) that, the differential of the sum, or difference of any . 
number of functions y dependent on the same variable, is \ 
equal to the sum or difference of their differentials taken 
separately. 

28. Let us now determine the differential of the product k 
of two variable functions. 

If we designate the functions by u and v, and suppose 
them to depend on a variable a?, we shall have 

u'=:u + Ph + Fh% 

v' = v+Qh+Q'h\ 
and by multiplying 

vfi/=.{u + Ph+ P'h') {v + Qh+ Q^A2) 
= uv + vPh + uQh + PQh^ + &c ; 
hence 

t/v^ — uv 

7 ^vP+uQ-^ terms containing A, A^ & }i\ 

If now, we pass, to the limiting ratio, we have 

d(uv) n , r\ 

\ ^ = vP + uQ; 

ax 

therefore, d{uv) = vPdx + uQdx = vdu + udv. 

Hence, the differential of the product of two functions 
dependent on the same variable^ is equal to the sum of the 
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products which arise by multiplying each by the diffar 
ential of the other. 

If we divide by mu, we have 

d{uv) ^du dv 

ihat is, the differential of the product of two functions, di* 
mded by the product, is equal to the sum of the quotients 
which arise, by dividing each differential by its function. 
29. We can easily determine from the last formula^ 
the differential of the product of any number of functions. 

For this purpose, put v = ts, then 

dv __ d{ts) ^ dt ds 
V ~' ts " t s * 

and by substituting for v in the last equation, we have 

d{uts) _ du dt ds ^ 



uts . u t s 

and in a similar manner, we should find 

d{utsr ....)_ ^^ 1 ^^ I ^^ I ^^ A. 

_-^— — ^•^— — — __ ^^— -^ — — ^ -|- •^— -• -^ —— ^ • • • • 0wC« 

utsr .... u t s r 

If in the equation 

d{uts) _^ du , dt , (& 
uts u t s ^ 

we multiply by the denominator of the first memberi we 
shall have 

d{uts) = tsdu + usdt + utds ; 

and hence, the differential of the product of any number 
of functions, is equal to the sum of the products which 
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arise by multiplying the differential of each function by 
the product of all the others. 

30. To obtain the differential of any fraction, as 



— we make 

— =zty and hence u = tv, 

V 

Differentiating both members, we find 

du = vdt + tdv ; 

finding the value of dt, and substituting for t its value 
— y we obtain 

V 

, du udv 



or by reducing to a common denominator 

vdu — udv 



dt = 



v" 



hence, the differential of a fraction is equal to the deno* 
minator into the differential of the numerator^ minus the 
numerator into the differential of the denominator^ divided 
by the square of the denominator. 

u 

31. If the numerator u is constant in the fraction < = — , 

V 

its differential will be (Art. 21), and we shall have 

jf_^ udv ^ — a. 

~ t;* * dv i?* 

When u is constant, t is a decreasing function of v (Art 
5), and the differential coefficient of t is negative. 

This is only a particular case of a general proposition 
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For, let u be a decreasing function of x. Then, if we 
give to X any increment, as A, we have 

iil^u-\-Ph+Fh\ 

or, u^'-u^Ph-k Fh\ 

But by hypothesis w>tt'; hence, the second member 
is essentially negative for all values of h; and, passing 

to the limiting ratio, 

— == -P. 

dx 

hence, the differential coefficient of a decreasing function 
is negative, 

32. To find the differential of any power of a function, 
let us first take the function w", in which n is a positive 
and whole number. This function may be considered as 
composed of n factors each equal to u. Hence, (Art. 29), 

d(tf)_ d(uuuu . . . . ) _du du du du 
ur {uuuu . . . . ) u u u u 

But since there are n equal factors in the first member, 
there will be n equal terms in the second ; hence, 

d(w")__ ndu ^ 
iF "" u ' 



therefore, d (w") = nu du. 

If n is fractional, represent it by — , and make 

T 

v = tz ', whence, u*" = v*; 

and since r and s are supposed to represent entire num- 
bers, we shall have 



DIFFERENTIAL CALCULUS. 31 

firom which we find 

r—l r—l 

J ru J ru J 
dv = , , du = — du. 

or by reducing 

dv=: — u* du; 
s 

iw^hich is of the same form as the function 

d{u'') = nu!*^^ du, 

T 

by substituting the exponent — for n, 

s 

Finally, if n is negative, we shall have 

_, 1 

« =— . 

u 
{roia which we have (Ait. 31), 

hence, by reducing 

Hence,, the differential of any power of a function, is 
equal to the exponent multiplied by the function with its 
primitive eocponent minus unity, into the differential of the 
function, 

33. Having frequent occasion to differentiate radicals of 
the second degree, we will give a specific rule for this 
class of functions. 

Let V = VV or t; = ti*"; 

then, dv^-TTtr du = —u *duz= 



.n—l 



du 



2" 2- -"2^5"' 
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that is, the differential of a radical of the second degree^ 
is equal to the differential of the quantity under the stgn^ 
divided by twice the radical. 

34. It has been remarked (Art. 3), that in an equation 
of the form 

u = f{x\ 

we may regard u as the function, and x as the variable, 
or X as the function, and u as the variable. We vrill 
now show that, the differential coefficient which is obtained 
by regarding u as a function of x, is equal to the recipe 
rocal of that which is obtained by regarding x as a func^ 
tion of u. • 

If we have 

" = A^)> 
and give to x an increment A, we have (Art. 19), 

w^-tt = PA + FA^ (1) 

But, if X be expressed in u, and we have 

X ^f\u\ 

and then give to u an increment h^ we shall lave 

af^x-h^Qik^ Q!ie. (2) 

rJut k = u' — u. Substituting these values for t/ — w, 
and A, in equation (1), and we have 

k = PQk + terms containing the higher powers of k. 

Dividing by ft, and passing to the limiting ratio, we have 

1=PQ, or P = ^. 
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To illustrate this by an example, let 

2 

u = a?, whence a?= -y/tr=:w^» 

Now, -^=:3a? = 3ti'^; 

but regarding x as the function 

dr 1 «1 1 

3m> 

35. If we have three variables w, y, and a?, which are 
mutually dependant on each other, the relations between 
them may be expressed by the equations 

If now we attribute to x an increment h, and designate 
by kf the corresponding increment of y, we shall have 
(Art. 19), 

and !^^ = P + m, t^^Q^Qj^ 

If we multiply these equations together, member by 
member, we shall have 



but Irry' — y; hcncc, by dividing and passing to the 
limiting ratio, we have 

du du dy 
dx dy dx ' 

and hence, if three quantities are mutually dependant on 



m 
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each other, the differential coefficient of the first regarded 
as a function of the third, will be equal to the differential 
coefficient of the first regarded as a function of the second^ 
multiplied by the differential coefficient of the second re* 
garded as a function of the third 

36. Let us take as an example 

v = hj?y u = aa^j 
we find 

au - ax 

But -r-=^— X-7- = 35w^X 2ax=6abu^x; 

dx au ax - 

.«iid by substituting for u^, its value <x^a/^, 

dv 

-T-^Qc?bcf^ and dv = 6a%afidx. 

ax 

EXAMPLES. 

1. Find the differential of u in the expression 

Put cc^-^a? = y, then w = y', and the dependence be- 
tween u and X, is expressed by means of y, and u is 
an implicit function of x. Differentiating, we find 
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by multi|dying the coefficients together we obtain 



dx 2^^ ^ Vo^-a?' 

bence, 

, ^acdx 

2* Find the differential of the function 

m 

u = {a + bx'') . 

Place a + bar=:y : then u = t/* ; and 

du -«i , , , -x"*"' 

--^z=zmy =m(a + uar) 

dy 



iience. 



dx ' 

du "*"* 

y- = mnh{a + 6a;") a?*"* • 

n-l 

du = mnb{a + 6a?") a?""'cir, 
3. Find the differential of Uie function 

u = a?(a^ H- a?^) y a^ — a?*, 
du =((a» + a?) Va^ - x") dx + x Va^ - x"- d{a^ + a^\ 



in which the operations in the last two terms are only 
indicated. If we perform them, we find 

d{cf + x^) = d{a^) = 2xdx, 

. : cZ( — a?^) . ^ xdx 
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Substituting these values, we find 

or, reducing to a common denominator and cancelling ttie 
like terms, 

4. Find die differential of the function 

e? — a? 



« = 



a* + aV + *»* 



. _ (g*+ a'x'+ai')d{a'-a!')-{a'-a»)d{t^+ a*a*+a*) 

irom which we find 

, —Zx{2cf + 2c?o?-a*)dx 

6. Find the dificrential of the function 



«=>7(«-:^+^^(^^y- 



Make y = 4=» « = V^(?^a?)», 

then we shall have 



V = y/{a ^y^zf = (a — y + z)^ ; 






DIFFERENTIAL CALCULUS. 



87 



we therefore have (Art. 32), 



1-1 



iM = — (a-y + «)* d{a^y + z\ 



— ady + Sdz 
^Va — y + z 

But from the equations above, we find 



d'^lc' — bdx 






•r— I 






= |(c»-^nx -2a:e£r = ^^^^^. 



Subslituling these values of dy and cZz, in the ex- 
pression for duy we find 



36 



4ar 



di/ = 



2a?Vi -sT^-o? 



I 



7 



>. £2!27. 



Vx J 



6. II = — , 

J7 



7. « = 1. 



cZu = 



c/ti = 



^ndx 



X 



n *l • 



8b 
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8. u= V2ax-\-a!^, 



9. u^ia' + a^). 



du = 



(a-\'X)(lx 
V2ax'\-a?' 



2 

du = 6{a^ + a?) a?cfcc. 



10. u = a^'\-S€t^a? + S(^a/^ + jfi, du = 6{a^ + aP) xdx. 



J xdx 
du = 5* 



11 


1 

u — 




Vi-^' 


12. 


X 

U = ; 



13 



x-\'Vl — o/ 



. u=\a+ yS j , 



dUsss 



(l-a?)« 
dx 



vT^=r?'(a7+-/r3;?y 



dw = 



3fa+ -y/Sj da? 



2Va? 



14. w = La + yjb - 



c 






r?ar 



\/*-^ 



15. u — oc^tf^ 



x" 
du = 2a?ydy + 2i/xdx. 






17. « = 



18. u 



or 



(14-^r' 
1 4-a^ 



du^ 



nx"" ^dx 



(1 + ^) 



«+» 



dM = 



4xdv 



19. u = ^, 



7^ 
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21. Find the differential coefficient of 

Ans. 32a:? — 9a?— 5. 

22. Find the differential coefficient of 

Fix) = (ci? + a){Sa? + b) 

Ans. I5a^ + da?b + 6ax. . 

23. Find the differential coefficient of 

F{x) = {ax + a?)\ 

Ans, 2{ax + a?){a + 2xy 

24. Find the differential coefficient of 

X 



F{x)== 



1 



Ans, 



Vl-a?(l + 2xVT^) 



Of Successive Differentials. 

37. It has been remarked (Art. 19), that the difler- 
ential coefficient is generally a function of x. It may 
therefore be differentiated, and x may be regarded as the 
independent variable. A new differential coefficient may 
thus be obtained, which is called the second differential 
coefficient. 



4- 
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38. In passing from the function u to the first differ- 
ential coefficient, the exponent of os in every term in 
which a? enters, will be changed; and hence, the rela- 
tion which exists between the primitive fmiction u and 
the variable a?, is different firom that which will exist 
between the first differential coefficient and x. Hence, 
the same change in x will occasion different degrees of 
change in the primitive fmiction and in the first differential 
coefficient. 

The second differential coefficient will, in general, be 
a function of x: hence, a new differential coefficient 
may be formed from it, which will also be a function 
of X ; and so on, for succeeding differential coefficients. 

If we desiffnate the successive differential coefficients 
by 



p, y, r, Sy &c., 



we shall have 



du dp dq e 

But the differential of p is obtained by differentiating 

Its value -T-, regarding the denominator dx as con 
ax 

stant ; we therefore have 

and by substituting for dp its value, we have 



da? 



= ?' 
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The notation dht^ indicates that the function u hatf 

been differentiated twice, and is read, second differential 

of u. The denominator dai^ expresses the square of the 

differential of x, and not the differential of aP, It is 

read, differential square of x, or differential of x squared. 

If we differentiate the value of y, we have 



( 



dhi\ , dhi 



, dht - 

hence, -r-^ = r, &c., 



and in the same manner we may find 

d^ 



daf' 



s. 



The third differential coefficient -j-^, is read, third 

differential of u divided by dx cubed; and the differ- 
ential coefficients which succeed it, are read in a similar 
manner. 

Hence, the successive differential coefficients are 

da dhi d^u d^u . 

di=P' d^=^' 1^='' 1^='' *'•' 

from which we see, that each differential coefficient is 
deduced from the one which precedes it, in the sarnt 
way that the first is deduced from the primitive function. 

39. If we take a function of the form 
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we shall have for the first dififerential coefficient, 

ax 

If we now consider n, a, and dx, as constant, we 
sliall have for the second differential coefficient 

— = n(7i-l)aa?" \ 
and for the third, 



7 = n{ji — l)(n — 2) oa/*"', 



and for the fourth, 

^ = w(n-l)(n-2)(n-3)aa:^-*. 

It is plain, that when n is a positive whole number, the 
function 

u = ao^y 

will have n differential coefficients. For, when n dif- 
ferentiations shall have been made, the exponent of x in 
the second member will be ; hence, the nth differential 
coefficient will be constant, and the succeeding ones will 
be equal to 0. Thus, 

— -rrnCn — l)(n — 2)(n — 3) a.l, 

^^ 5^ = 0- 
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Tayhr^s Theorem. 

40. Taylor's Theorem explains the method of de- 
veloping into a series any function of the sum or difference 
of two variables that are independent of each other, ac- 
cording to the ascending powers of one of them. 

41. Before giving the demonstration of this theorem, 
it will be necessary to prove a principle on which it de- 
pends, viz : if we have a function of the sum or difference 
of two variables 

u = f{xdzyl 

the differential coefficient will be the same if toe suppose x 
to vary and y to remain constant, as when we suppose y 
to vary and x to remain constant, 

« 

For, make xd-y = z: 



we shi 


lU then have 




u = Az) 


and 


du 

dz =P- 



If we suppose y to remain constant and x to vary, 

we have 

dz = dx, 

and if we suppose x to remain constant and y to var\% 

we nave 

dz = dy. 

But since the differential coefficient p is independent 
of dz' (Art. 15), it will have the same value whether, 

dz = etc, or, dz = dy 
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To illustrate this principle by a particular example, let 
us take 

u = {x + y)\ 

If we suppose x to vary and y to remain constant, 
we find 

and if we suppose y to vary and x to remain constant, 
we find 

the game as under the first supposition. 
42. It is evident that the 

must be expressed in terms of the two variables x and y, 
and of the constants which enter into the function. 
Let us then assume 

f{x + y) = A + Bi/'+Ci/ + Di/+,&c., 

in which the terms are arranged according to the ascend- 
ing powers of y, and in which A, By C, D, &c., are inde- 
pendent of y, but functions of x, and dependant on all 
the constants which enter the primitive function. It is 
now required to find such values for the exponents a, 6, c, 
&c., and the coefficients Ay B, C, D, &c., as shall ren- 
der the development true for all possible values which 
may be attributed to x and y. 
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In the first place, there can be no negative exponents 
For, if any term were of the form 

it may be written 

B 

y 

and making y = 0, this term would become infinite, and 
we should have 

which is absurd, since function of a?, which is independent 
of y, does not necessarily become infinite when y = 0. 

The first term A, of the development, is the value 
which the primitive function assumes when we make 
y = 0. If we designate this value by w, we shall have 

f{x) = u. 

If we mal^e 

f{x + y) = t/, 

^d differentiate, under the supposition that x varies and y 
remains constant, we shall have 

dx dx dx dx dx 

^ if we differentiate, regarding y as a variable and x 
^ constant, we shall find 

^^oBf' + 6Cy*-^ + cDtf'' +, &c. : 

°^^ these differential coefficients are equal to each other 
(Art. 41) J hence, the second members of the equations 
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are equal, and since the coefEcients of the series ^e 
independent of y, and the equality exists whatever be the 
. value of y, it follows that the corresponding terms in each 
series will contain like powers of y, and that the coef- 
ficients of y in these terms will be equal (Alg. Art. 244). 
Hence, 

a — 1 = 0, 6 — l = a, c — 1=6, Scc^ 
and consequently 

a = l, 6 = 2, c = 3, &c. ; 
and comparing the coefficients, we find 

jy dA ^ I dB ^ 1 dC 

jE>=— r , O =-- ; , JJ =■ 



dx ^ 2 da? ' 3 do? ' 

And since we have made 

f(x)=:A=:Uy and /(a? + y) = u', 
we shall have 

A = u, B = ^, C = -^, D= '^ 



dx' \.2d^ 1.2.3<iB»' 

and consequently, 

43. This theorem gives the following development for 
the function 
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hence, 

1 • «o 

44. The theorem of Taylor may also be applied to the 
development of the second stale of any function of the 
form 

when X receives an arbitrarv increment h. and becomes 
a? -4- A. For, if we substitute h for y, we have 

u' ^u _^du d^u h d?u h^ 

^^ ^nr' "" 5^ "^ d^iTs ■*" ^ 172:3 "^^ '^^" 

du f du^ I d^u h v 

"" d^ + '^ W T 2" "^ dr^i72T3 "^' "^^7 

Now, it is plain that A may be made so small that the 

/cPa 1 d^u h K 

shall be less than any assignable quantity, and conse- 

du 

sequently less than — Then, for any value of h still 

dx 

iinaller^ we shall also have 

dw /d^w 1 d^u h _, o \ 

(te^W T72" + ^17273 "^'"^^-j' 

or, if we multiply both sides of the inequality by h, we 

shall have 
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dJ' da» 1.2 +(/a?'1.2.3"^'*^^'* 
that is, when a series is expressed in the ascending 
powers of a variable, so small a value may be assigned 
to that variable as shall render the first term of the series 
greater than the sum of all the other terms, and this in- 
equality will increase for all values of the variable which 
are still less. Under such a supposition the sign of the 
series will depend on that of its first term. 

• 45. Remark* The theorem of Taylor has been demor. 

strated under the supposition that the form of the function 

is independent of the particular values which may be 
attributed to either of the variables x or y. Hence, when 
we make y = 0, and obtain 

this function of x ought to preserve the same form as 
f(x + y) ; else there would be values of x in one of the 
functions, 

u' =f[x+y), u =f[x), 

which would not be found in the other, and consequently 
some of the values of x would be made to disappear 
when a particular value is assigned to y, which is entire- 
ly contrary to the supposition. 
If the function be of the form 

u' = b + Va — x + y, 
we shall have 

u = b + Va-'X. 



I 
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If we now make x = a^ we shall have 

m' = 6 + -y/y7 and w = 5, 

io which we see, that u^ and u are expressed under dif^ 

ferent forms ; and hence, the particular value of y = 

changes the form of the function, which is contrary to the 

liypolhesis of Taylor's theorem. When, therefore, the 

function 

u' = f(x + y\ 

shall change its form by attributing particular values to 
a? or y, the development cannot be made by Taylor's 
theorem, for such particular values. 

46. The particular supposition which changes the form 
of the function will, in general, render the differential 
coefficients in the development equal to infinity. 

If we have 



then, 



u = 

du 


--c+y/f+x- 
1 


-y» 


dx~ 

dhi 


1 

• 




da?~ 
dht 


1 .3 


8 


rfar*" 


2x2x2(/+ 


5 

a?)*" 



&c. &c. 

in which all tne coefficients will become equal to infinity 
when we make x = —/. 
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47. If we have a function of the form 

in which n is a whole number, all the differential coeffi- 
cients of Uf for a?=a will become infinite. For, we have 



hence. 



tt = 6 + ^a — xz=z 6 + (a — a?)* 
du 1 1 



dx n , ^=^' 

(a — a?) " 

dhi _ (l-n) 1 



(a — a?) * 
&c. &c 

all of which become infinite when we make x = a. 

Maclaurin^s T/ieorem, 

48. Maclaurin's Theorem explains the method of 
developing into a series any function of a single variable 
Let us suppose the function to be of the form 

w = /(a?). 

It is plain that the value of /(a?) must be expressed in 
terms of a?, and of the constants which enter into f{x). 
Let us therefore assume 

M = A + jBa?"+CV + Da?'+, &c., 

m which the terms are arranged according to the ascend- 
ing powers of a?, and in which A, B, C, JD, &c., are 



I 
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independent of Xy and dependent on the constants wliich 
enter into /(a?). 

It is now required to find such values for the exponents 
fl, 6, c, &c., and the coefficients Ay B, C, D, &c., as 
shall render the development true for all possible values 
which may be attributed to a?. 

If we make x = 0, u takes that value which the f{x) 
assumes under this supposition, and if we designate that 
value by U we shall have 

U =A. 

The first difierenlial coefficient is . 

^ = aBa/'^' + bCx'-' + cDaf^' + &c, 
ax 

and since this does not necessarily become when we 
make a? = 0, it follows that there must be one term in the 
second member of the form x^ : hence, 

a— 1=0, or a = l; 

and making a? = 0, we have 

ax 
The second differential coefficient is 

^ = 6(6- 1)C:p*-« + c(c-1)Dx'- • + &€.; 

but since the second differential coefficient does not neces- 
sarily become 0, when a? = 0, we have 

4 — 2 = 0, or 6 ==2: 
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« 

hence, by making a? = 0, we have 

etc* ' da? 2 1.2 

We may prove in a similar manner that 

d^u 1 U'^' 



c = 3 and D = 



da? 1.2.3' 1.2-3 



Having designated by U what the function becomes 
when we make a? = 0, and by ?7, t/'', U'^j &c., what 
the successive differential coefficients become under the 
same supposition, we shall have 

49. The theorem of Maclaurin may be deduced imme- 
diately from that of Taylor, 
In the development 

, du dhi V* d^u tP • 

the coefficients w, -3—, -j-^, &c., 

dx dor 

are functions of x, and also dependent on the constants 
which enter into f{x + y). 

If we make a? = 0, the /(a? + y) becomes /(y), an«J 
each of the differential coefficients being thus made inde 
pendent of a?, will depend only on the constants whicl 
enter into /(a? + y), and which also enter into f{y\ 
Hence, if we designate by 

U, U, U\ U", m^', &C., 
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the values which the coefficients assume under this 
hypothesis, we shall have 

50. If we take a function of the form 
we shall have 

g-n(n-l)(a + ^r*, 

&c. = &c. 

which become, when we make a? = 0, 

hence, 

(a + a?)" = a" + na"-*a? + ^?-^^?— ^a"- V + &c. 
^ ^ 1.2 

51. Remark 1. The theorem of Maclaurin has been 
demonstrated under the supposition that the /(a?) reduces 
l*> a finite quantity when we make x = 0. The case, 
therefore, is excluded in which x = renders the function 
infinite. Thus, if we have 

u = cot Xy u = cosec a?, or u — log a?, 

^i make x = 0, we find « = oo ; hence, neither of these 
Unctions can be developed by the theorem of Maclaurin, 
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Remark 2. We liave already seen (Art. 45.), that the 
theorem of Taylor does not apply to those cases in 
which the form of the function is changed by attributing 
a particular value to one of the variables : the theorem 
therefore fails for particular values, but is true for all 
others, and hence, the general development never fails. 

In the theorem of Maclaurin the failure arises from the 
form of the function : hence, it is the general development 
which fails, and with it, all the particular cases. 



EXAMPLES. 



'I . Develop into a series the function 

1 

u= v^+^=a(i +^y . 

2, Develop into a series the function 

3, Develop into a series the function 

a + x \ aJ 

4, Develop into a series the function 



^■~'^- 
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CHAPTER III. 

Of Transcendental Functions. 

62. If we have an equation of the form 

in which a is constant, it is plain that u will be a function 
of X ; and if a be made the base of a system of logarithms, 
X will be the logarithm of the number u (Alg. Art, 257). 
When the variable and function are thus related to each 
other, u is said to be an exponential or logarithmic func- 
tion of X. (Art. 9). 

63. The functions expressed by the equations 

u = sin, a?, u = cos a?, w = tang x, w = cot x^ &c., 

are called circular functions. 

The logarithmic and circular functions are generally 
called transcendental functions, because the relation be- 
tween the function and variable is not determined by the 
ordinary operations of Algebra. 

Differentiation of Logarithmic Functions. 

54. Let us resume the function 

u^(f. 
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If we give lo x an increment A, we have 

and t/— w = a'* * — 0*= a'^cl"-- 1 ). 

In order to develop a*, let ns make a = 1+6, we shall 
then have 

hence, 

1 1.2 1.2.3 ' 

from which we see, that the coefficients of the first power 
of h will be 

replacing 6 hy its value a — 1, and passing to the limiti 
we obtain 



3 



^ = ^ = W^^-^^^^=^ + ^^^^=^- &c.\ 
dx dx \ I 2 3 / 

oi if we make 

A- J -—2—+ 3 ~ **'•' 
—.z=.'k(fy or da' =^k(fdx; 
in which /i; is dependent on a. 
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« 

The successive differential coefficients are readily found. 
For we have 

ax 
hence, -^-^ = a*/?, 



da? 
d?(f 



^(fJ^, 



da? 

&c. &a 

(fa* 



dar 



= a'yr. 



55. It is now proposed to find the relation which exists 
between a and ft. For this purpose, let us employ the 
formula of Maclaurin, 

u = f{,x) = U+ U^ + V"^ + U"'-~ + &c. 
If in the function 

and the successive differential coefficients before found, 
we make a? = 0, we have 

?7=1, t/'r^A:, U'^k^ W=l^, &c.; 
hence, 

a' = l + -- + --— -H h &c. 

1 1.2 1.2.3 

If we now make a? = — , we shall have 
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designating by e the second member of the equation, and 
employing twelve terms of the series, we shall find 

6 = 2.7182818; 

hence, a* = e, therefore a = e*. 

But, 2.7182818 is the base of the Naperian system of 
logarithms ( Alg. Art. 272) ; hence, the constant qucmtity 
. k is the Naperian logarithm of a. 

By resuming the result obtained in Art. 64, 

d(f =za^hdx^ 

we see that the differential of a quantity obtained by 
raising a constant to a power denoted by a variable ex- 
ponent, is equal to the quantity itself into the Naperian 
logarithm of the constant, into the differential of the 
exponent, 

56. If now we take the logarithms, in any system, of 
both members of the equation 



e* = a, 



we shall have 



whence, 



hie = la. or A = -r-, 

le 



da' = ka'dx = y-a'dx ; 

le 



or by recollecting that 
we have 
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or, if we regard x as the function, and u as the variable, 
ive ]iave (Art. 34), 

dx _^le \ 
du la a** 

liet us now suppose a to be the base of a system of 
logarithms. We shall then have x=z the logarithm of 
M, la=zl, and le= the modulus of the system (Alg. 
Art. 272); and the equation will become 

dilu) = le — , 
u 

that is, the differential of the logarithm of a quantity is 
equal to the modulus of the system into the differential of 
the quantity divided by the quantity itself 

67. If we suppose a = e the base of the Naperian 
system, and employ the usual characteristic V to desig- 
nate the Naperian logarithm, wc shall have 

d{Vu) = — i 
u 

that is, the differential oj the Naperian logarithm of a 
quantity is equal to the differential of the quantity divided 
by the quantity itself 

The last property might have been deduced from the 
preceding article by observing that the modulus of tlie 
Naperian system is equal to unity. 

58. The theorem of Maclaurin affords an easy method 
of finding a logarithmic series from which a table of 
logarithms may be computed. If we have a function of 
the form, 



} 
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we have already seen that the development cannot be 
made, since f{oo) becomes infinite when a? = (Art. 61.) 
But if we make 

u=f{x) = l(^l+x), 

the function will not become infinite when a? = 0; and 
hence the development may be made. 
The theorem of Maclaurin gives 

If we designate the modulus of the system of the loga* 
rithms by A, we shall have 

d^u ^ . 1 



7^=2^ -. = 2/1(1+ x)- \ 

da^ (1 + ^) ^ ^ 

If we now make a: = 0, we have 

?7=0, U = A, U''=--A, ir'' = 2A,&c.; 
hence, 

Z(l+.) = A(.-J + ^-| + ^-&c.) 

This series is not sufficiently converging, except in 
the case when x Js a very small fraction. To render the 
series more converging, substitute — a? for a? : we then have 



/ 
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and by subtracting the last series from the first, we obtain 

/(l+.)-/(l-.) = Z(l±D = 2A(f 44+ ice) 

If we make 

1 +x . . z i z 

= 1 H f we have x = 



1 — a? n ' 2n + z* 

and by observing that 

we have 

z . 1 / 2: ^3 1 ' - -* 



l{n+z)'-ln-2A 



2n-j-z 3 \2n+z 



\2n + 2r/ "^ 5 \2n + J **" ^'J 



from which we can find the logarithm of n + ^r when the 
logarithm of n is known. This series is similar to that 
found in Algebra, Art. 270. 

If we make n =: 1, and 2: = 1, we have Zl = 0, and 

If we make the modulus A = 1, the logarithm will bo 
taken in the Naperian system, and we shall have 

^2 = 0.693147180, 
2/^2 = Z'4 = 1.386294360; 

and by making 2r = 4, and n = 1 , we have 

rri= 1.609437913, 
and i^2 + 1^5 = Z'lO = 2.302586093. 
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If we now suppose the first logarithms to have been 
taken in the common system, of which the base is 10, we 
shall have, by recollecting, that the logarithms of the same 
number taken in two different systems are to each other 
as their moduli (Alg. Art. 267), 

no : VlO :: A : I, 
or, 1 : 2.302585093 :: A : I; 

whence, A = \^ ^^^^^ = 0.434284482. 

2.30258509 

Remark. To avoid the inconvenience of writing the 
modulus at each differentiation (Art. 56), the Naperian 
logarithms are generally used in the calculus, and when 
we wish to pass to the common system, we have merely 
to multiply by the modulus of the common system. We 
may then omit the accent, and designate the Naperian 
logarithm by I, 

69. Let us now apply these principles in differentiating 
logarithmic functions. 

1. Let us take the function u = l( , =r ). 



Make z=z 



X 



^€?^0?' 



dz 
and we shall have dw = — , 

z 

ax Va^-^-ar-' 



, Va^-{-o^ a^dx 
but dz= 2T-3 =7 \^ 



whence, du = 
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c?dx 



x(c?'\-a?y 



2. Take the function u = / fV^+f + ^^i^ ^l ; 

Lvi + a?— VI — a? J 

and make Vl+a7+ Vl— a?=y, -v/H-S— Vl— a?=2r, 
which gives 

ti = Z ( i- ) = Zy — Z2r, and du = ~^ . 



ZJ ' y ^ 

But we have 

(£r da? — da? 

T 

zdx 



9 (M7 da? — dx / / /- - — \ 

dy:=:^ — 7 7 = — 7 ( ylH-a?— yl— a:), 

2Vl + a? 2Vl-a? 2Vl-ar^^ ' 



2Vl-ar^' 



dx , dx dx 



2Vl+a; 2Vl-a? 2Vr^V ' 

__ ydx 

~2Vl-a^' 
Whence, 

dy dz_^ 2:da? yda? 

2y2: ^\ — o? 
and observing that y^+z'=4 and y2r = 2af, 

da? 



we have du= •— 



xVl-a^ * 
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8. « = /(j,4 -v/iq^^), du= , .. . 



Vl + a;^-a?J Vl + ai^* 



6. w = / - / 7 , 



, ac2ir 



60. Let us suppose that we have a function of the form 

u = (Za?)*. 
Make lx^=.z^ and we have 

and substituting for 2r and (22? their values, 



d(/i)-= i!lM!_cfc. 



61 . Let us suppose that we have 
Make lx=zZy and we shall have, 



7 J dz J dx 

U=:lZf du:= — , (fo= — ; 

Z X 

hence, - - c2u = 



xlx 



DIFFERENTIAL CALCULUS. -, 65 

62. The rules for the differentiation of logarithmic func- 
tions are advantageously applied in the differentiation of 
complicated exponential functions. 

1. Let us suppose that we have a function of the form 

in which z and y are both variables. 
If we take the logarithms of both members, we have 

lu^ylz; 

hence, — = dylz + y — : 

u ^ ^ z 

du = ulzdy + u/^, 

or by substituting for u its value 

du = dz^ = z^lzdy + yz^'^dz. 

Hence, the differential of a function which is equal to 
a variable root raised to a power denoted by a variable 
exponent, is equal to the sum of the differentials which 
arise, by differentiating, first under the supposition 
that the root remains constant, and then under the sup 
position that the exponent remains constant (Arts. 65, 
Mid 32). 

2. Let the function be of the form 

I* 

Make, 6* = y, and we shall then have (Art. 65), 

u = a^* du=zaHady\ but dy=^b'lbdx^ 

a 

hence, du = ct b'lalbdx. 

5 
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3. Let us take as a last example 

in which Zy t, and s^ are variables. 
Make, ^ = y, we shall then have 

u = z^y du =Lz^lzdy + yz'''^dz. 

But dy = fit ds + sf^^dt ; 
hence, du = z^lz{fltds + sfHt) + fi^-^dz, 

du=./f{ltlzds + '^+^. 

Differentiation of Circular Functions. 

63. Let us first find the differential of the sine of an 
arc. For this purpose we will assume the formulas (Trig. 
Art XIX), 

sin a cos & + sin & cos a 



sin (a + &) 



sin (a — 6) = 



_ 

sin a cos 6 — sin 6 cos a 



R 

If we subtract the second equation firom the first, 

2 sin 6 cos a 



sin {a + 6) — sin (a — 5) = 



R 



and if we make a + 6 = a? + A, and a--b = x, we shall 
have 

2sin —^Acos (x + — AJ 

sm (a? + A) — sma? = ^ » 

R 
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and dividing both members by A, 

• / . TN • 2sin-— Acos(a? + ---A) 

sm(a? + A) — sma? 2 \ 2 / 



hR 



1 



sin-^A cos(a?H A) 

2 \ 2 / 



1a 

2 



R 



If we now pass to the limit, the second factor of the 

cos sc 
second member of the equation will become 



R • 



1 



sin — A 
2 
In relation to the first factor — ; its limit will be unity. 

4a 



T, ^ Usina , sina cosa 

For, tang a = , whence = —^r—: 

cosa tang a R 

Now, since an arc is greater than its sine and less than 

its tangent* 

sina ^ , J sina^ sina 
<1, and > 



a 



a 



tang a 



* The arc DB is greater than a straight line 
drawn from D to B^ and consequently greater 
than the sine DE drawn perpendicular to JtB, 

The area of the sector ^BD is equal to 

i JiB X BD, and the area of the triangle JlBC 

is equal to — JiB X ^C, But the sector is less 
than the triangle bang contained within it : hence, 

Imxbd<:1abxbc, 




consequently, 



BD<: BC. 



• 4.' 



E B 
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hence, the ratio of the sine divided by the arc is nearer 
unity than that of the sine divided by the tangent. But 
when we pass to the Hmit, by making the arc equal to 0, 
the sine divided by the tangent being equal to the cosine 
divided by the radius, is equal to unity : hence the limit 
of the ratio of the sine and arc^ is unity. 

When therefore we pass to the limit by making A = 0, 
we find 



dsinx 


cosrr 

• 


dx ~~ 


R ' 


dsina? — 


cosxdx 



hence, 

64. Having found the diflferential of the sine, the diffe- 
rcjitials of the other functions of the arc are readily de- 
duced from it. 

2- 

cosa? = sin (90^ — a?), dcosa? = dsin(9(P — a?), 



and by the last article, 



1 



cZsin(90o — a?) = — cos(90o --a7)d(90o — a?), 

Jti 



— cos(90O— a7)da?; 
Jti 



t , sinxdx 

hence, a cos a? = ^ — , 

It 



the differential of the cosme in terms of the arc ben •, 
negative, as it should be, since the cosine and arc «:'o 
lecreasing functions of each other (Art. 31.) 



! 
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65. Sin^e ibe versed sine of an arc is equal to radiut 
minus the cosine, we have 

J ' J fry \ sinrrdi? 

a YW-sm X = d{R — cos x) = — — — . 

It 

R sin X 

66. Since tang x = , we have (Art. 30), 

cos X 



j^ R cosxd sinx — R sinxd cosx 
d lang ^ = —-J 



cos*a? 



_ (cos^a?-|- ^\rfx)dx 



co^x 



but cos^o? + sin^a? = R? : 

henc->, dtanga: = — — . ^_ 71 4 ■' ^t^"/ 



iJ2 

67. Since cota = , we have 

tang a; 



, ^ RH tanff X 

d COta? = :r^2— = 



/J*da? 



tang^a? tang^o? cos^a? 



2«, » 



« R^ %\v?x 
but, tang^a? = — ; 



, K'dx 

hence, a cot a? = r-^ — ; 

sin'*a? 



which is negative, as it should be, since the cotangent is a 
-? -^creasing function of the arc 
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68. Since 8eca7 = , we have 

coso? 

J R^d cosx R s'mxdx 
a 8600?== 5 = 5 : 

, , ii sin a? ^ J R^ 

but, = tang 0^1 and = %qcx ; 

cos a? C08d? 

, , seca? tanffa?da? 
hence, a sec a? = ^^s . 

69. Since coseca? = — : , we have 

sin a? 

, B?d. sina? R cosxdx 

a cosec a? = r^ — = r-5 ; 

sin^a? sin^a? 

, , cosec a? cotxdx 
hence, a cosec a? = 



R^ 

70. If we make J?=l, Arts. 63, 64, 65, 66, 6T, 
will give, 

d sina?= cosxdx (1), 

d cos a? = — sina? da? (2), 

d ver sina? = sina?da? (3),^ 

d tang a? = — j^ (4), 

cos a? 

d cot a? = r-T- (5). 

sirfa? 

The diflferential values of the secant and cosecant are 
omitted, being of little practical use. 

71. In treating the circular functions, it is found to be 
most convenient to regard the arc as the function, and th^ 
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Kine, cosine, versed-sine, tangent, or cotangent, aa the 
Tariable. If we designate the variable by u, we shall 
have in (Art. 63) sin a? = u, and 

, Rdu Rdu 



cosa? V/J^— w^' 
If we make cosa? = w, we have (Art. 64), 

Rdu Rdu 



dx= — 



sin a? V/p—w* 



K we make ver-sina? = u, we have (Art. 65), 

, Rdu 
ax = — r 



sin 07 



But, sina7= VJ2^~"cos^ and cosa'=li— u, 
therefore, cos^a? = R^ — 2Ru + w^ 



hence, sin a? =^ ^2 Ru — u\ 

Rdu 



and consequently, dx = 



V2Ru — u^'' 
If we make tang a? = «, we have (Art. 66) 

cos^x du 



da?= 



K 



cosa? _ jR , cos^a? _ R^ _ R^ 

hence, - ax^ 



K' + u'' 



+ 
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Now, if we make iJ = l, the four la^^t formulas 
become 

^ du J du ^ 

dx= =, dx= , 

VI- w2 Yl-tt* 

, du J du 

dx=z — ■ (ix = 



and these formulas being of frequent use, should be care- 
fully committed to memory. 

72. The following notation has recently been introduced 
into the differential calculus, and it enables us to designate 
an arc by means of its functions. 

sin ""^2/= the arc of which u is the sine, 

cos~^it= the arc of which u is the cosine, 

lang""'w = the arc of which u is the tangent, 
&c. &c. &c. 

If, for example, we have 

du 



a? = sin \ then, dx=z'. 



Vl-M^' 



73. We shall now add a few examples. 
1. Let us take a function of the form 

Make cos a? = 2:, and sina?=:y; 

then, u = z^, and (Art. 62); 

du^T? lzdy-\-yz^~^dz: 
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also, (fe= — sinardo?, and d}/ = cosxdx ^■ 

hence, du = z^ flz dy + ^dz \ 

=1 cos af^'f I cosxcosx ]dcc. 

\ cosa? / 

2. Differentiate the function 

mdu 



a? = sin~* TTiw, dx=^ 



3. Differentiate the function 



X = cos^M w Vl — u^] 

^_ (-l-]-2u')du 

V(1~m2+w*)(1~"1?) ' 



4. Differentiate the function 



-1 ^ , 2du 

a? = tang — , dx = 



2' 4 + 1/2* 

6 Differentiate the function 

X = sin"* (2m Vl — t^ ), /Zr = — . 

\ /' Vl-w» 

6. Differentiate the function 

^ , a? , ydx — xdy 

« = tang •-. '^"= y» + ^ • 

74, We are enabled by means of Maclaurin's theorem 
and the differentials of the circular functions, to find tlie 
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vakie of the principal functions of an arc in teims of die 
arc itself. 

Let u = f{x) = sin a? : then, 

du cPu d?u 

-T— = cosa?, rr^r = — sina?, ■ = — cosa?* 

dx ' da? ' dp^ ' 

-T-T = Sm Xy -r-r = + cos X, 

dor dor 

if we now render the diflferential coefficients independent 
of a?, by making a? = 0, we have (Art. 49), 

hence, sino? = h &c, 

1 1.2.3 1.2.3.4.5 

75. To develop the cosine in terms of the arc, make 

u = f{x)^co^x; then, 

du . cPm d?u 

-— = — sma?, -7-^= —cosa:, -r-^ = sma?, 

dx dor dor 

d^u d^u 

-7-7 = cosa?, — r-r-= — sma?, 

da/^ da? 

and rendering the coefficients independent of a:, we have 

hence, cosa? =1 1 &c. 

1.2 1.2.3.4 
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The last two formulas are very convenient in calculatiBg 
the trigonometrical tables, and when the arc is small the 
series will converge rapidly. Having found the sine and 
cosine, the other functions of the arc may readily be 
calculated from them. 

76. In the two last series we have found the values of 
tlie functions, sine and cosine, in terms of the arc. We 
may, if we please, find the value of the arc in terms of 
any of its functions. 

77. The differential coefficient of the arc in terms of 
its sine, is (Art. 71), 

dx I ■ -1 

developing by the binomial formula, we find 

du 2 2.4 2.4.6 

In passing from the function to the difierential coeffi- 
cient, the exponent of the variable in each term which 
contains it, is diminished by unity ; and hence, the series 
which expresses the value of x in terms of w, will contain 
Uie uneven powers of w, or will be of the form 

x = Au + Bu^ -V Cu^ + Du' + &c.; 

and the difierential coefficient is 

^ = il + 3 i5u' + 5 C«* + 7 J5u« + &c. 
du • 
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./ 



^ But since the dififerential coefficients are equal to each 
other, we find, by conoparing the series, 



2.3' 2.4.5' 2.4.6.7' 

hence, 

. , u I u^ , 1.3tr^ , 1.3.5 J , J. 

a?=sin~'w= u'+ &c. 

1 2 3 2.4.5^2.4.6.7 ^ 

If we take the arc of 30°, of which the sine is — • 
(Trig. Art. XV), we shall have 

arc 30° = — 5 H . H =- + &c., 

2 2.3.2^ 2.4.5.2^ 2.4.6.7.2^ ' 

and by multiplying both members of the equation by 6, 
we obtain the length of the semi-circumference to the 
radius unity. 

78. To express the arc in terms of its tangent, we have 
(Art. 71), 

da? 1 ,, , 2.-1 

du l + u^ 

which gives 

die 

y^ = l-^u^ + u'^ — u^+ &c.; 

au 
hence the function x must be of the form 

and consequently 
dx 

^ = A + 3Bu^ + 5Ct^+7^Ihfi; 
du 
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and by comj«aring the series, and substituting for A, B, C> 
Sec, their values, we find 

a?=tanff « = —H h &c. 

^ 1 3 6 7 

If we make x = 45°, u will be equal to 1 ; hence, 

arc 45° =1 1 h &;c. 

3 6 7 

But this series is not sufficiently convergent to be used 
for computing the value of the arc. To find the value 
of the arc in a more converging series, we employ the 
following property of two arcs, viz. : 

Four times the arc whose tangent is — , exceeds the 

5 

arc of 45° by the aix whose tangent is — -- *. 



♦ Let a represent the arc whose tangent is — . Then (Trig. Art 

XXVI), ^ 

_ 2 tansj a 5 

^ 1 — tang^a 12 

2 tans; 2a 120 
tans4a=: 



" l—tano»2a 119 

The last number being greater than unity, shows that the arc 4 a ex- 
ceeds 45^. Making 

the difference, 4 a — 45** = w3 — 5=6, will have for its tangent 

1 * / /t »x tang*} — tang5 1 

tang6=tang(w3--B) = -T-7-= /,> p =s?s-> 

&> &\ / l-(-tangw2tang5 239 

hence, Jour times the arc tohose tangent is ---, exceeds the arc of 45® by an 

1 ^ 

are tohose tangent is ^tt-* 



18 
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But 



. -ll 1 I 1 i , M 

^8 -G=T-T^+5T»-73'+** 



tang' 



-. 1 _ 1 



' + ' 



1 



239 239 3(239f 5(239)^ 7(239)^ 



+ &( 



hence. 



arc 45° = 



4fl-J-+J— 1-+^ 

V5 3.5" 6. 5» l.f J 



(1-- 



' + ' 



1 



\239 3(239f 5(239)* 7(239) 



Multiplying by 4, we find the semi-circumference 



7 + 



= 3.141592653. 
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CHAPTER IV. 

Development of any Function of tivo Variables 
— Differential of a Function of any number 
of Variables — Implicit Functions — Differential 
Equations of Curves — Of Vanishing Fractions. 

79. We have explained in Taylor's theorem the method 
of developing into a series any function of the sum or dif- 
ference of two variables. 

We now propose to give a general theorem of which 
that is a particular case, viz : 

To develop into a series any function of tioo or more 
variables^ when each shall have received an increment, 
, ^nd to find the differential of the function, 

. 80. Before making the development it will be necessary 
to explain a notation which has not yet been used. 

If we have a function of two variables, as 

^e may suppose one to remain constant, and differentiate 
llie function with respect to the other. 

f has, if we suppose y to remain constant, and x to 
^wy> the differential coefficient will be 

|=/(^,y); (1), 
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and if we suppose p to remain constant and y to vary, 
the differential coefficient will be 

|=/"(-,y). (2). 

The differential coefficients which are obtained under 
these suppositions, are called partial differential coef- 
ficients. The first is the partial differential coefficient 
with respect to x, and the second with respect to y. 

81. If we multiply both members of equation (1) by 
dxj and both members of equation (2) by dy, we obtain 

— dx=:f {x, y) dx, and ~ dy = f" (a?, y ) dy. 

The expressions, 

du ^ du J 

are called partial differentials; the first a partial diffe- 
rential with respect to x, and the second a partial difTc- 
rential with respect to y : hence, 

A partial differential coefficient is the differential co- 
efficient of a function of two or more variables, under 
the supposition that only one of them has changed its 
value : and, 

A partial differential is the differential of a function 
of two or more variables, under the supposition that only 
one of them has changed its value. 

82. If we differentiate equation (1) under the suppo* 
sition that x remains constant and y varies, we shall have 

dy 



V 
V 

V 
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uid since x and dx are constant 

,/cZm\ _^d{du) 
\dx) dx ' 

which we designate by 

d^u 
dx ' 

The first member of this equation expresses that the 
functioi; u has been differentiated twice, once with respect 
to X, and once with respect to y. 

If we differentiate again, regarding x as the variable, 
we obtain 

which expresses that the function has been differentiated 
twice with respect to x and once with respect to y. And 
generally 

d'*^u 
dx^'dy'^' 

indicates that the function u has been differentiated n'\-m 

times, n times with respect to x^ and m times with respect 
toy. 

83. Resuming the function 

" We suppose y to remain constant, and give to x an arbi- 
^^ increment A, we shall have from the theorem of Taylor, 

ff^ . 7 N , duh , d^u W , d^u I? . . 

6 





/ 




«o ^ 
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in which, 




du dhi dhi 

"' dx' da?' do?' 



are functions of x and y, and dependent on the constants 
which enter the fix^y). 

If we now attribute to y an increment ft, the function 
M, which depends on y, will become 

, dUj , d^u k'^ , d^u P . , 
dy dy^ 1.2 dy^ 1.2.3 

and the function -=- will become 

dx 

du , d?u k , d^u k^ ^ d^u 1^ . , 
ix dxdy 1 dxdy^ \.2 dxdy^ 1.2.3 ** 

and the function --rx> will become 

fft/ (f t/ A: rf^t/ A^ (^^^ k? , 

da?'^ da?dy 1 "^ cic^c^y^ 1 . 2 "^ d^dy^ 1.2.3 ^'' 

and the function -^-g-* will become 

(P^ dhi k d^u Ic^ d^u ^ t ju 

l^'^d^yT'^ da?dy^ Ti"^ cia^^dy^, 1.2.3*^ "^ 

&c. &c. &c. &c. 

Substituting these values in the development of 

f(x + hy y), 
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and arranging the terms, we have 

r, , ,v ' du k d?u k^ <Pu A^ 
f(x+h,i/+k)=u+-j--!^+-j^±-+-^-!L.-+ &c., 

ay I dif 1.2 oyi.2.3 

dull dJ^u hk d?u hJc^ . 
'^dxT'^dxdyll'^dxd^l^'^ ' 

dhi }? , d?u h^k , , 
^lUf 1.2^ da?dy l.^r ' 

+ (far* 1.2.8 +^^' 

which is the general development of a function of two 
variables, when each has received an increment, in terms 
of the increments and differential coefficients. 

84. If we transpose u =J\oc^ y) into the first member, 
3nd apply the result of Art. 19 to a function of two vari 
^Wes, we find 

The dilTerential of f{x, y) = du, which is obtained under 
^^G supposition that both the variables have changed their 
^^Ixies, is called the total differential of the function. 

Q5. If we have a function of three variables, as 

^<i suppose one of them, as ar, to remain constant, and 
^Cixements h and k to be attributed to the other two, the 
^G-v-elopment of f {x + hyy + k, z) will be of the same 
^^iln as the development of /(a? + A, y + A;) ; but u and 
^^ the differential coefficients will be functions of z 



I 
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If then an increment / be attributed to 2r, tliere will he 
four terms of the development of the form 

du,, duy dUj 

"' 5;*' Ty"' Tz' 

If u were a function of four variables, as 

there would be five terms of the form 

dUy^ duy duj du ^ 
dx ' dy ^ dz ^ ds * 

and a new variable introduced into the function, would 
introduce a term containing the first power of its increment 
into the development. 

If we transpose u into the first member, and make the 

same supposition as in the last article, we shall have 

Tr- /v NT du _ du du 

dU{x, y, z)-\ ■= -^dx + jydy + -^dz, 

and, for like reasons, 

du du du du 

dU[x, y, z, s)] = -^dx + -^^dy + -^^dz + ^^ds, 

from which we may conclude that, the total differential 
of a function of any number of variables is equal to the 
sum of the partial differentials. 

86. The rule demonstrated in the last article is alone 
sufficient for the difierentiation of every algebraic function 
1. Let u = a? + i/ — z; then 

— rir = 2xd^y 1st partial" differential ; 
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— (2y == 3^c{y, 2d partial differential : 

^dz=-^dz, 3d " 
dz 

hencef . du = 2xdx + Sy^dy'~dz. 

2. Let u=f.yj- then, t\ 

du y , 

^dx = ydx, 

-rrdy = xdh : 
dy "^ ^ 

hence, du = ydx + x dy. 

3. Let u = af*y"; then, 

-r- da: = mcf'^tf'dx^ 

dx ^j:^ 



?"> 



•^dy == n^y'^'^o^dy : „ hence, 



iu ^^^"^y^dx + ny'^'^ardy = oT"^ y'"'\myd^ -\ nxdy) 





• 

X 

u = — ; 'then, 

y 


4 

^**^^ 


du , dx 
—dx = —, 
ax y 




du ^ xdy 
dy y- y' 


We, 
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5. Let tt=:-T==^== = ay(a? + y^)"*'; then, 

Va^+ if" 

da: I' 

duj _ ady ay^dy 

, , ayxdx — ac^du 
hence, om = ^ i-i. 

6. Let u=:xyzt; then, 

cZu = yztdx + xztdy + aryidz + ayzdt, 

7. Let M = j2ry; then, 

^-dy^z z^lzdy (Art. 55), 

^dx = yz''''dz (Art. 32). 

hence, du = z^lzdy + yz^~^dz. ^ 

Remark. In chapter II, the functions were supposed 
to depend on a common variable, and the differentials were 
obtained under this supposition. We now see tha^ythe dif 
ferentials are obtained in the same manner, when the func- 
tions are independent of each other, and unconnected with 
a common variable. 

87. We have seen (Art. 39), that a function of a single 
variable has but one differential coefl&cient of the first 
order, one of the second, one of the third, &c. ; while 9 
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function of two variables has two differential coefficients 
of the first order, a function of three variables, three ; a 
function of four variables, four ; &c. 

It is now proposed to find the successive differentials 
of a function of two vaiiables, and also the successive 
differential coefficients. 

We have already found 

, du ^ . du J 
du = 'rr-dx + -r-'dy. 
dx dy 

(du du \ 

dx^'^dy^^r 

and since, -7- and -7- are functions of x and y, the 

du du 
differentials ~rdx, ^c?y, must each be differentiated 

with respect to both of the variables ; dx and dy being 
supposed constant : hence, 

/du , \ d^u , ^ (Pm _ . 

and ^(jy^y) = d^^^^' + "d^ ^^^ ' 

hence we have 

ft ^^u d u d u 

d^u=:^rr^da? + 2-j—rdxdy+ -j-^dy^ 
dc? dxdy ^ dy^ 

If we differentiate again, we have 

'd^u , «\ d^u J ., . d^u da?dy. 
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and consequently, 

It is very easy to find the subsequent differentials, by 
observing the analogy between the partial differentials and 
the terms of the development of a binomial. 

We also see that, a function of two variables has two 
partial differential coefficients of the first order, three of 
the second, four of the third, &c. 

88. There are several important results which may be 
deduced from the general development of the function of 
two variables (Art. 83). 

1st. If we make x = 0, and y = 0, u and each of 
the differential coefficients will become constant, and we 
shall have 



/ 



\jid^^-^ 



+ dec, 



which is the development of any function of two variables 
in terms of their ascending powers, and coefficients which 
are dependent on the constants that enter the primitive 
function. 

2d. If, in the general development, we :nake y = 0, and 
A = 0, we shall have 
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/(a? + A) = u + — — + --r-^ _- + --— + &c., 

-^ c/j? 1 dx^ 1 .2 dx^ 1.2.3 

which is the theorem of Taylor. 
3d. If we make y = 0, /c = 0, and a? = 0, we have 

^,,v du h , dhi }? , d?u Ji? , - 

•^^ ^ cb 1 da:M.2 da:^ 1.2.3 ' 

whichis the iheorum of Maclaurin. 

Implicit Functions, 

89. When the relation between a function and its 
variable is expressed by an equation of the form 

in which y is entirely disengaged from x, y has been 

called an explicit, or expressed function of x (Art. 6). 

When y and x are connected together by an equation of 

Ae form 

f{oc,y) = 0, 

y has been called an implicit, or implied function of x 
(Art. 6.) 
It is plain, that in every equation of the form 

/(^,y) = o, 

y must be a function of x, and x of y. Fcr, if the 
^^uation were resolved with respect to either of them, I lie 
value found would be expressed in terms of the other 
variable and constant quantities. 
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90. If in the equation 

we suppose the variables x and y to change their values 
in succession, any change either in x or y, will produce a 
change in u : hence, « is a function of x and y when 
they vary in succession. The value, however, which u 
assumes, when x ox y varies, will reduce to when 
such a value is attributed to the other variable as will 
satisfy the equation 

We have from Art. 83, 

j{x + ^, y + a) — tt = ■T—7+ terms containing k\ 

du . . 

-^h + terms contammg A^, 

plus other terms containing AA, and the higher powers of 
h and k. 

But, since y is a function of x, we have 

k^Ph+FK^ 

in which P is the differential coefficient of y regarded as 

a function of x. Substituting this value of ft, and we 

have 

y. du 

(a? + A, y + ft) — u = T~-PA + terms containing h\ 

du 

^A + terms containing A', 

plus other terms containing the higher powers of A. 
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But, ill consequence of the relation between y and a?, 
the first member of the equation will be constantly equal 
to 0. Hence, by the law of indeterminate coefficients 
(Alg., Art. 244), 

/du^ du\ 

du 

hence, P = -f- z= — -?, 

dx du 

dy 

Hence, the differential coefficient of y regarded as a 
function of x, is equal to the ratio of the partial diffei'en- 
tial coefficients of u regarded as a function of-KfOndu 
regarded as a function ofy, taken with a cojurary sign. 
Let us take, as an example, the equation 

f{x,y) — x^ + y'^ - R^ ^ u = 0\ 

., du , da 

then, -^=2x, and ^-^ = 2y; 

du 

dx X ___dy 

du y dx 

dy 

Although the differential coefficient of the first order is 
generally expressed in terms of x and y, yet y may be 
eliminated by means of the equation fi^^yy) =?= 0, and the 
coefficient treated as a function of a? alone. In the above 
equation we have 

y=^VW^^x'\ 



he 



ence, 



hence, 
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dy _ X 



92. If it be required to find the second dififerential 
coefficient, we have merely to differentiate the first difiie- 
rential coefficient, regarded as a function of a?, and divide 
the result by dx. Thus, if we designate the first difi*e- 
rential coefficient by p, the second by 5, the third by 
r, &c., we shall have 

dp da g 

dx ax 

93. To find the second differential coefficient in the 
equation of the circle, we have 

dy ^ X 
d^ y' 

^/dy\ ^ - ydx + cody ^ 
\dxJ y^ 

d y _ dx^ 

da? ~~ y^ 



hence, 



X 

— , we have 

y 



and by substituting for -^ its value 

d^y_ x'^f ^ 
dc^ y^ 

1. Find the first differential coefficient of y, in tla 
equation 

y^ — 2mxy + ar* — a^ = w = 0, 

du r. r. du 

-T-" — 2my + 2x, ^ = 2y — 2mx: 
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hence, ' dy^_ r-2my + 2x- l^my-x^ 
dx L 2v— ■2ma?J y — mx 



dy _ p-.2/wy + 2. 

2y — 2ma?J y 

2. Find the first differential coefficient of y in the 
equation 

y^ + 2xy + a!^ — a^ = 0. 

dx 

3. Find the first and second differential coefficients of y, 
in the equation 

y^ — Saxy + jc^ = 0, 

dla? ^ dy ^ 

hence, ^ = - '^^"^^y = ^y-^ . 

da? 3y^— 3 aa? y^ — ax 

For the second differential coefficient, we have 
^^ (y»-ax)(«g-&r)-(«y-^)(2yg-a) ^ 

or, by substituting for y^ its value, and reducing, 
cPy _ 2a:y* — ^ao?y^ + 2ya^ + 2a^a:y 

__ 2a?y (y^ — 3 gj?y + a?^) + 2cPxy ^ 

but from the given equation 

y^—3aa7y + 07^ = 0. 

bene. ^= ^^^ , 

ctr* {y^—axf 
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Differential Equations of Curves. 

94. The Differential Calculus enables us to free an 
equation of its constants, and to find a new equation which 
shall only involve the variables and their differentials. 

If, for example, we take the equation of a straight line 

and differentiate it, we find 

dy 
dx 

and by differentiating again, 

The last equation is entirely independent of the values 
of a and 6, and hence, is equally applicable to every 
straight line which can be drawn in the plane of the co- 
ordinate axes. It is called, the differential equation of 
lines of the first order, 

95. If we take the equation of the circle 

a? + y2 = i?2, 
and differentiate it, we find 

xdx + ydy = 0. 

This equation is independent of the value of the radius 
jR, and hence it belongs equally to every circle whose 
centre is at the orisjin of co-ordinates. 
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96. If the origin of co-ordinates be taken in the circum- 
ference, the equation of the circle (An. Geom. Bk. Ill, 
Prop. I, Sch. 3) is 

from which we find 

X 

and by differentiating, 

x(^ydy + 2xdx^ — (xj^ + o?)d4Xi 

x" • 

or by reducing 

{a^ — y^)dx + 2x7/ dy = 0, 

which is the differential equation of the circle when the 
origin of co-ordinates is in the circumference. 

The last equation may be found in another manner. 

If we differentiate the equation of the circle, 

we have, after dividing by 2 

ydy = Rdx — xdx; 

hence, j^^ydy + a^dx 

ax 

If this value of R be substituted in the equation of the 
tircle, we have 

{a? — y^)dx + 2xy dy = ', 
the same differential equation as found by the first method. 
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97. If we take the general equation of lines of the 
second order (An. Geom. Bk. VI. Prop. XII, Sch. S\ 

and differentiate it, we find 

2ydy = mdx + 2 nxdx ; 

differentiating again, regarding dx as constant, we have, 
after dividing by 2, 

dy^ + yd?y = nda?' 

Eliminating m and n from the three equations, we obtain 

y^da? + c^dy^ — 'Hxydxdy + yoc^d?y = 0, 

which is the general differential equation of lines of the 
second order. 

98. In order to free an equation of its constants, it will 
be necessary to differentiate it as many times as there are 
constants to be eliminated. For, two equations are neces- 
sary to eliminate a single constant, three to eliminate two 
constants, four to eliminate three constants, &c. : hence, 
one constant may be eliminated from the given equation 
and the first differential equation ; two from the given equa- 
tion and the first and second differential equations, &c. 

99. The differential equation which is obtained after the 
constants are eliminated, belongs to a species or order of 
linesy of which ^e given equation represents one of th 
species. 

Thus, the differential equation (Art. 94), 
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belongs to an order or species of lines of which the 
equation 

represents a single one, for given values of a and 6. 
The equation of a parabola is 

a.Jid the differential equation of the species is 

2xdy — ydx:=z0y or . di/^ydj^y = 0. 

100. The differential equation of a species, expresses 
the law by which the variable co-ordinates change their 
Values ; and this equation ought, therefore, to be indepen- 
dent of the constants which determine the magnitude^ and 
not the nature of the curve. 

101. The terms of an equation may be freed from their 
exponents, by differentiating the equation and then com- 
bining the differential and given equations. 

Suppose, for example, 

P and Q being any functions of x and y. 
By diflferentiating, we obtain 

nF'-'dP^dQ: 
by multiplying both members by P, we have 

nF'dP = PdQ, 
^i by substituting for P" its value, 

nQdP=iPdQ. 

7 
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The same result might also have been obtained by 
taking the logarithms of both members of the equation 



For, we have 



and (Art. 67). 



I^=Q. 



nlP = IQ, 



dP dQ 

n — — — -L* 

"" P " Q' 



hence, - nQdP = PdQ. 



Of Vanishing Fractions^ or those which take the 

form — . 

""^2. It has been shown in (Alg. Art. Ill), that -, 

though a symbol of an undetermined quantity, may, under 
particular suppositions, become equal to 0, to a finite 
quantity, or to infinity. 

This symbol arises from the presence of a common 
factor in the numerator and denominator, which, becom- 
ing for a particular value of the variable, reduces the 

fraction to the form -. 



If we have, for example, a fraction of the form 

P(x - aY 

Q{x - af 

in which P and Q are functions of a?, which do not re- 
duce to 0, for a? = a, we have 

P{x - aY 
Q{x - ay " 0' 
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The value of this fraction will, however, be 0, finite or 
infinite, according as 

?7i > n, fTi = n, m < w, 

for under these suppositions, respectively, it takes he form 
PCaj-a)"— P P 



I — m 



Q ' Q' Q{x-ay 

Let the numerator of the proposed fraction be desig- 
nated by X, and the denominator by -S7, and let us sup- 
pose an arbitrary increment fi to be given to x. The 
numerator and denominator will then become a function 
of a? + A, and we shall have from the theorem of Taylor 

Y ,dX h (PX h^ (PX Jl_, ^ 

.dXh . (PX K" . cPX h^ . ^^ 
-^ '^ dxT^'d^l.2^ da? 1.2.3"^^''- 

If the value of a? = a, reduces to the differential 
coefficients in the numerator as far as the Twth order, and 
those of the denominator as far as the nth order, the value 
of the fraction will become, 

d'^X IC" , o 

dof 1.2.3.4 m 

d'^X hr ^^ 

dx" 1.2.3.4 n 

If we make A = 0, the value of the fraction will be- 
come 0, finite, or infinite according as 

m > n, m = n, m<^ny 

^d hence, if the value x = a, reduces to the same 
number of differential coefficients in the numerator and 



2H2i\7 
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denominator, the value of the fraction will be finite 
and equal. to the ratio of the first differential coeflScienta 
which do not reduce to 0. 

1 03. Let us now illustrate this theory by examples. 
1. If in the fraction 



we make a?= 1, we have — . But 







dX 
dx 


= — wa?"" 


-1 

> 


dX _ 
dx 


-1; 


in 


which, 


if we 


make x 


— 1, we 


have 




Via 




dX 
dx 


= -71, 


and 
dX 


dX 
dx 


-1, 


ne 


nee, 






dx 
dX 


= n, 





dx 

therefore, the value of the fraction when a? = 1, is + w. 
2. Find the value of the fraction 

aoi?'-'2acx-\-a(? 



ha? — '2,bcx + b(? 



, when x = c^ 



dx dx 

both of which become 0, when x = c. Differentiating 
attain, we have 

hence, the true value of the fraction when a? = c is -r-, 

o 
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3. Find ihe iralue of the fraction 

3 — 15 > when x = a, 

Ans. 0. 

1. Find the value of the fraction 

ax — a? , 

-, when x=:za. 



Ans, 00. 

5. Find the value of 

, when a? = 0. 

X 

Ans, la — lb. 

» 

6. What is the value of the fraction 

1 — sina? + coso? , 

; r, when X = 90°. 

8ina?+cosa? — 1 

Ans. 1 . 

7. What is the value of the fraction 

a — x — ala + alx 

-p=L===, when x = a. 

a— V2ax — a!^ 

Ans. — 1, 

8. What is the value of the fraction 

-, when a? =1. 



1 —x + Ix 

Ans. — 2, 

9. What is the value of the fraction 

(f* ^ 

J jT-, when x = a. 

Ans. ia\ 
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104. It has been remarked (Art. 47), that the theorem 
of Taylor does not apply to the case in which a particular 
value attributed to a?, renders any differential coefficient 
of the lunction infinite. Such functions are of the form 



in which m and n are fractional. 

In functions of this form we substitute for a?, a + A, 
which gives a second state of the function. We then 
divide the numerator and denominator by h raised to a 
power denoted by the smallest exponent of A, after which 
we make A = 0, and find the ratio of the terms of the 
fraction. 

When we place a + A for a?, we have, in arranging 
according to the ascending powers of A, 

F{a-\-h) _ A/i" + -BA^ + CA" + &c., 
P{a + A) " i4'A-' + Bh'' + Clf + dec. 

Now there are three cases, viz. ; when 

a"^ of, a=:a\ a < a^ 

In the first case the value of the fraction will be ; in 
the second, a finite quantity ; and in the third it will be 
infinite. 

105. In substituting a + h for x, in the fraction 



(x-ay 
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we have (M+^ = (2a + A)T 

and by making h = 0, which renders x = a the value of 
the fraction becomes 

2. Required the value of the firaction 

^^ 1 — - — when x=za* 

Substituting a-\-h for x, we have 

— LIS. 

h^i-a + hy _ h'{-a + hy 

1 1 "" 1 ' 

h'iSaJ' + Sah + hy {Sa^ + Sah+hy 

which is equal to 0, when A = 0. 

106. Remark. The last method of finding the value of 
a vanishing fraction, may frequently be employed advan- 
tageously, even when the value can be found by the 
theorem of Taylor. 

107. There are several forms of indetermination under 
which a function may appear, but they can all be reduced 

to the form — . 


1st. Suppose the numerator and denominator of the 

fraction 

X 

to become infinite by the supposition of x = a. The 
fraction can be placed under the form 
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X 



X 

which reduces to — , when X and X are infinite. 



2d. We may have the product of two factors, one of 
which becomes and the other infinite, when a particular 
value is given to the variable. 

In the product PQ^ let us suppose that a? = fl', makes 
P = and Q = 00 . We would then write the product 
under the form, 

P 



FQ^ 



1 



Q 



which becomes — when x=.a, 

108. Let us take, as an example, the function 

(1 — a:)tang— 9ra?; 

in which «• designates 180°. 

If we make a?= 1, the first factor becomes 0, and the 
second infinite. But 

1 1 



tang — 9ra: = 



2 1 

cot — w'a? 
2 

hence, (1 — a:)tang — 9ra7 = , 

cot — flra? 

2 

2 
tlie value of which is — when a? = 1 . 
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CHAPTER V. 

Of the Maxima and Minima of a Functio7i of a 

Single Variable, 

109. If we have 

u = f {x\ 

the value of the function u may be changed in two ways : 
first, by increasing the variable x ; and secondly, by dimin- 
ishing it. 

If we designate by u^ the Jirst value which u assumes 
when X is increased, and by u^^ the Jirst value which u 
assumes when x is diminished, we shall have three con- 
secutive values of the function 

Now, when u is greater than both u' and vl' y u is said 
to be a maximum : and when u is less than both u^ and 
u'', it is said to be a minimum. 

Hence, the maximum value of a variable function is 
greater than the value whith immediately precedes, or the 
value that immediately follows : and the minimum value 
of a variable function is less than the value which imme- 
diately precedes or the value that immediately follows. 

110. Let us now determine the analytical conditions 
^hich characterize the maximum and minimum values of 
a variable function. 
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If in the function 

ihe variable x be first increased by h, and then diminished 
by h, we shall have (Art. 44), 

U = fix 4-h) = UA .—n :; h OCC, 

and consequently, 

, __du h d^u W' d?u y . 

,, _ du h dPu }?_ ^ d?u }? - 

Now, if w has a maximum value, it will be greater 
than w^ or u^^ \ and hence, t/ — m and u^^ — u will both 
be negative. If w is a minimum, it will be less than t/ 
or u^\ and hence, u' — u and t^^^ — w will both be positive. 

Hence, in order that w may have a maximum or a 
minimum value, the signs of the two developments must 
be both minus or both plus. 

But since the terms involting the first power of A, m 
the two developments, have contrary signs, and since so 
small a value may be assigned to h as to make the first 
term in each development greater than the sum of all the 
other terms (Art. 44), it follows that u can have neither 
a maximum nor a minimum, unless 

dx 
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and the roots of this equation will give all the values of 
X which can render the function u either a maximum or 
a minimum. 

Having made the first differential coeflScient equal to 0, 
the signs of the developments will depend on the sign of 
second differential coefficient. 

But since the signs of the first members of the equa- 
tions, and consequently of the developments, are both 
negative when w is a maximum, and both positive when u 
is a minimum, it follows that the second differential co- 
efficient will be negative when the function is a maximum, 
and positive when it is a minimum. Hence, the roots of 
the equation , 

ax 
being substituted in the second differential coefficient, will 
render it negative in case of a maximum, and positive in 
case of a minimum; and since there may be more than one 
value of X which will satisfy these conditions, it follows 
that there may be more than one maximum or one minimum. 
But if the roots of the equation 

dx~^' 
reduce the second differential coefficient to 0, the signs 

of the developments will depend on the signs of the 
terms which involve the third differential coefficient ; and 
these signs being different, there can neither be a maxi- 
mum nor a minimum, unless the values of x also reduce 
the third differential coefficient to 0. When this is the 
case, substitute the roots of the equation 
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ax 
in the fourth differential coefficient ; if it becomes negative 
there will be a maximum, if positive a minimum. If the 
values of x reduce the fourth differential coefficient to 0, 
the following differential coefficient must be examined. 
Hence, in order to find the values of x which will render 
the proposed function a maximum or a minimum. 

1st. Find the roots of the equation 

du 

^ = 0. 
ax 

2d. Substitute these roots in the succeeding differential 
coefficients^ until one is found lohich does not reduce to 0. 
Then, if the differential coefficient so found be of an odd 
order, the values of x will not render the function either 
a maximum or a minimum. But if it be of an even 
order, and negative, the function will be a maximum ; if 
positive, a minimum. 

111. Remark' Before applying the preceding rules to 
examples, it may be well to remark, that if a variable 
function is multiplied or divided by a constant quantity, 
the same values of the variable which render the function 
a maximum or a minimum, will also make the product or 
quotient a maximum or a minimum, and hence the con- 
slant will not affect the conditions of maximum or mini- 
mum. 

2. Any value of the variable which will render the 
function a maximum or a minimum, will also render any 
root or power a maximum or a minimum ; and hencei if 
a function is under a radical, the radical may be omitted. 
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EXAMPLES. 

1. To find the value of x which will render y a maxi- 
mum or a minimum in the equation of the circle 

y^ + a? = R\ 

dy ^ X 
dx y ' 

X 

making = 0, gives a? = 0. 

The second differential coefficient is 

d?y _ 0? -^y^ 

and since making a? = 0, gives y = R, we have 

dx" ~~ R 

which being negative, the value of a? = renders y a 
maximum. 

2. Find the values of x which will render y a maximum 
or a minimum in the equation, 

y = a — bx + x^, 

differentiating, we find 

making, — 6 + 2a? = 0, gives x = — ; 

til 

and since the second differential coefficient is positive, this 
value of X will render y a minimum. The minimum 
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value of y is found by substituting the value of ^^ in the 
primitive equation It is 

3. Find the value of x which vsrill render the function 

M r= a* + 6'a? — (?c^^ 
a maximum or a minimum, 

- = b'-2c~x, hence "^-^^i 

and, ^ = -^-- 

hence, the function is a maximum, and the maximiim 
value is 

u = a* + ^. 

4. Let us take the function 

we find -z- = 9aV — 6*, and a?-=± — 
dx 3a 

The second differential coefficient is 
Substituting the plus root of a?, we have 



da» 



= +6ab\ 
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wliich gives a minimum, and substituting the negative 
root, we have 



da? 



= -6a6^, 



wliich gives a maximum. 
The minimum value of the function is, 

9a 
and the maximum value 

9a 

112. Remark. It frequently happens that the value 
of the first diflferential coefficient may be decomposed into 
two factors, X and X', each containing x, and one of 
them, X for example, reducing to for that value of r, 
which renders the function a maximum or a minimum. 
When the differential coefficient. of the first order takes 
tliis form, the general method of finding the second diffe- 
rential coefficient may be much simplified. For, if 



^ = XX^, 
ax 



^e shall have 



dhi X'dX , XdX 



dc^ dx dx 

But by h3rpothesis X reduces to for that value of x 
^hich renders the function u a maximum or a minimum : 
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from which we obtain the following rule for fiudingthe 
second differential coeflScient. 

Differentiate that factor of the first differential coef- 
ficient which reduces to 0, multiply it by the other factor^ 
and divide the product by dx. 

6. To divide a quantity into two such parts that the mth 
power of one of the parts multiplied by the nth power of 
the other shall be a maximum or a minimum. 

Designate the given quantity by a and one of the parts 
by X, then will a — x represent the other part. Let the 
product of their powers be designated by u ; we shall then 
have 

u = ar{a — xY, 

whence, -7- = wa?""' (a — a?)" — no^ (a — a?)"""S 

= {ma — mx^ nx)ar'^ {a — a?)"""*, 

and by placing each of the factors equal to 0, we have 

ma ^ 

X = , a? = 0, x = a. 

m + n 

The second differential coefficient corresponding to the 
first of these values, found by the method just explained, is 

g=_(^ + „)«,"•-'(« _a?)-«; 

and substituting for a? its value, it becomes 



(wi + n) 



mf n— 3 * 



hence, this value of x renders the product a maximum. 
The two other values of x satisfy the equation of the 
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problem, but do not satisfy the enunciation, since they are 
M parts of the given quantity a. 

Remark, If m and n are each equal to unity, the quan- 
tity will be divided into equal parts. 

6. To determine the conditions which will render y a 
maximum or a minimum in the equation 

y^ — 2mxy + a? — 0^ = 0. 

The first differential coefficient is 

dy __ my — x ^ 
dx y — mx* 

hence, my — x='Of or y = — . 

Substituting this value of y in the given equation, w« 

find 

ma 
x = 



^i the value of y corresponding to this value of x is 

To determine whether y is a maximum or a minimum 
let us pass to the second differential coefficient. We have 

^ =z= (my - x){y - mx)"^ ; 



kence, ^ = 



(4-0 



dx^ y — mx 
8 



i 
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and since -f^ = 0, we have 
ax 



^=« 



1 



and by substituting for y and x their values, we have 



^ a^/\-7r? 

hence, y is a maximum. 

7. To find the maximum rectangle which can be in- 
scribed in a given triangle. 

Let h denote the base of the triangle, A the altitude, 
y the base of the rectangle, and x the altitude, llien, 

u=zxy= the area of the rectangle. 
But b : h : : y : h — x: 

. bh—bx 
hence, y = — , 

and consequently, 

bhx— boc^ b ,, „. 
u = = —{hx^c^). 

and omitting the constant factor, 

du ^ ^ h 

-—=zh'-2x, or x = — ; 

dx 2 ' 

hence, the altitude of the rectangle is equal to half the 
altitude of the triangle : and since 



da^ 
the area is a maximum. 
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8. What 18 ihe allilude of a cylinder inscribed in a 
gi*en cone, when ihe solidity of ihe cylinder is a maxi- 

Suppose the cylinderto be inscribed, 
K in ihe %ure, and let 
AB=a, BC = b, AD = x, ED=y: 
then, BD = a~x= altitude of the 
cylinder, and 'y\a — «) = solidity 

=•■ (1) 

From the similar triangles AED 
and ACB, we have 

X : y i: a : b; whence y = — . 

Substituting this value in equation (l), and we have 

Omitting the constant factor —7' we may write 

lor the conditions which will make u a maximum will 
also make v a maximum (Art. IH ). 
By differentiating, we have 

du . d^u 

T- = 2ax — Zj?, and —^ = 2a — Qx. 

ax aar 

Placing 2ar — 3a:^ = 0, i 

"e have a: = 0, and x = -a. 

Hence the altitude of the maximum cylinder is one-third 
^^ ikllilude of the cone 
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9. What arc the sides of the maximum rectangle in- 
scribed in a given circle ? 

Ans, Each equal to R V2. 

10. A cylindrical vessel is to contain a given quantity 
of water. Required the relation between the diameter of 
the base and the altitude in order tliat the interior surface 
may be a minimum. 

^^ '-^ .f.^rfr -4- i c^ ^^^' Altitude = radius of base. 

u<. ^ iC' 11. To find the altitude of a cone inscribed in a given 
'sphere, which shall render the convex surface of the cone 

a maximum. ^^ ^0 - / !- ^ -^^k. ^ ^ 

~ t Ans. Altitude = — J?. 

\.. _ 3 

12. To find the maximum right-angled triangle which 

can be described on a given line. "- JL 

Ans, When the two sides are equal. 

.- * 13. What is the length of the axis of the maximum 
parabola that can be cut from a given right cone ? 

Ans, Three-fourths the side of the cone. 

14. To find the least triangle which can be formed by 
the radii produced, and a tangent line to the quadrant of a 
given circle. 

Ans, When the point of contact is at the middle of the 
arc. 

16. What is the altitude of the maximum cylinder which 
can be inscribed in a given paraboloid ? 

Ans, Half the axis of the paraboloid 
rr ' ' ^ -■ • 



r 
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CHAPTER VI. 

Application of the Differential Calculus to the 

Theory of Curves. 

113. Every relation between a function y and a vari- 
able a?, expressed by the equation 

will subsist between the ordinate and abscissa of a curve 

Let A be the origin of the rectangular axes ; then 

if in the equation 

y =/(^), 
we make a? = 0, we have 

y = a constant : 
lay off JiB equal to this con- 
slant. Then attribute values to 
^) from to any limit, as well T 
negative as positive, and find from the equation 

y =/('^)» 
ihe corresponding values of y. Conceive the values of x 

lo be laid oflf on the axis of abscissas, and the values of 

y on the corresponding ordinates. The curve described 

through the extremities of the ordinates will have for its 

equation y=f{^\ (0 

Let X represent any abscissa, AH for example, and 
y the corresponding ordinate HP, 

If now we give to x any arbitrary increment hy and 
^iake HF^ 7^, the value of y will become equal to FC, 
^hich we will designate by y'. Through P draw the 
decant CPI and the tangent TP. 
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Now, 
and 



y' -y^ CF-PH^ CD, 

y'- y CD 

— T— = pg = tangent of the angle CPD. 



Jout, by similar triangles "077= ""/tF • 

Now, the limiting ratio of the increment of the variable 
to that of the function, is that ratio which is independent 
of the value of h, and is obtained by making h equal to 
in the expression for the ratio of the increments (Art. 15.) 

It is evident that as h diminishes, the point C will ap- 
proach the point P, the point / will approach T, and the 
secant IC will approach the tangent TP ; and when h 
becomes equal to 0, the secant IC will coincide with the 
tangent TP, For every position of C we shall have 

CD PH 
-py^=-^™r= tangent CPD = tangent CIH; and when 



C coincides with P, ^ y^ = '' = tangent PTH = 



CD PH „^„ dy 

p^=^^= tangent Pm=^; 

that is, the limiting ratio, or first differential coefficient^ 
is equal to the tangent of the angle which the tangent 
line makes with the axis of abscissas. 

Of Tangents and Normals. 

1 14. Having found the value of 

dy 
dx 

we will now proceed to find the 

value of the subtangent, tangent, 

subnormal, and normal. T 




DIFFERENTIAL CALCULUS. 117 

We have (Trig. Th. II), 

I : TR :: tangT : RP; 

thatis, I : TR :: ^ : y 

dx 

hence, TR = y — = sub-tangent. 

115. The tangent TP is equal to the square root of 
the sum of the squares of TR and RP ; hence, 



TP = y\/ 1 +-^-2= tangent. 



dy' 

116. From the similar triangles TPR, RPN, we have 

TR : PR :: PR : RN. 
hence, VT' ^ ' ' ^ ' ^^^ 

t^onsequently, RN = y -2 = sub-normal. 

117. The normal PN is equal to the square root of the 
•Uin of the squares of PR and RN ; hence, 

PN = y\/l + -£^= normal. 

118. Let it be now required to apply these formulas lo 
'ities of the second order, of which the general equal ion 
C An. Geom. Bk. VI, Prop. XII, Sch. 3), is, 

y2 = mx + no?, 
liifferentiating, we have 
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subslituting this value, we find 

sub-lanffenl TR = y -r- = — ^ ^, 



rP = y\/n-^ = V7na;+na:^ + 4 



'mx-\- no? 
m + 2wj: 



• 



sub-normal RN= y-r = 1 



PN = y\/l + !^=\/: 



mx + nx^ + — (wi + 2nx^. 



RN = 



By attributing proper values to m and n, the above 
formulas will become applicable to each of the conic 
sections. In the case of the parabola, n = 0, and we have 

TR = 2x, TP = Vmx+To^, 

— , PN = \/mx + ^m\ 

2' ^4 

119. It is often necessary to represent the tangent and 
normal lines by their equations. To determine these, in 
a general manner, it will be necessary first to consider the 
analytical conditions which render any two curves tangent 
to each other. 

Let the two curves, PDC, 
PEC, intersect each other at 
P and C. 

Designate the co-ordinates of 
the first curve by x and y, and 
the co-ordinates of the second by 
a/, y\ Then, for the common — 
point P, we shall have 

x = a/, V = y • 
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If we represent BG, ihe increment of the abscissa, by h, 
we shall have, from the theorem of Taylor (Art. 44), 

dij h d^y h^ d?v h^ 
ax 1 dor i . 2 dor 12.3 

hence, by placing the two members equal to each other, 
and, dividing by A, we have 

If we now pass to the limit, by making A = 0, we shall 
have 

dy ^ dx( 

in which case the point C will become consecutive with P, 
and the curve P£C tangent to the curve PBC Hence, 
two lines will be tangent to each other, when they have 
a common point, and the first differential coefficient of 
the one equal to the first differential coefficient of the 
other^for this point, 

120. The equation of a straight line is of tlie form 

y = aa; + 6, 

dy 
hence, -3- = a. 

But the equation of a straight line passing through a 
given point, of which the co-ordinates are x'\ y\ is (An. 
Geom. Bk. II, Prop. IV), 

y — y'''= a(a?— a?''). 



120 ELEMENTS OF THE 

But if the point whose co-ordinates are u!f\ y'\ is required 
to be on a given curve, these co-ordinates must satisfy 
the equation of that curve- If the straight line is required 
to be tangent to the curve at this particular point, the 

first differential coefficient -—9 found from the equation 

of the curve, must take the particular value -^-7,1 that is, 
we must have 

and the equation of the line tangent at the point whose 
co-ordinates are a/\ y'\ will be 

121. Let it be required, for example, to make the line 
tangent to the circumference of a circle at a point of 
which the co-ordinates are 3:f\ y^\ 

The equation of the circle is a?^ + y^ = -R'; 

dy X 

and, by differentiating, we have -t" = . 

***** J 

But if the straight line is to be tangent to the circle, at 
the point whose co-ordinates are oif\ y^\ we must have 

dy'' dy x a/' ^ 

Ix^ ^ dx~""y '"^ Y' ' 

and by substituting this value in the equation of the line, 
and recollecting that af^ + y'"^ = il^ we have 

yy'' + xa/' = R\ 
which is the equation of a tangent line to a circle. 

122. A normal line is perpendicular to the tangent at 
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the point of contact, and since the equation of the tangent 
is of the form 

the equation of the normal, at the point whose co-ordin- 
ates are af\ %f\ will be of the form (An. Geom. Bk. II., 
Prop. VII., Sch. 2), 

If we take the equation of any curve, and find the 

Value of -T-— for the particular point whose co-ordinates 
dx/' 

are a/', y^\ and then substitute thac value in the above 
equation, we shall have the equation of the normal pas- 
sing through this poipt. 

The equation of the normal in the circle will take the form 

123. To find the equation of a tangent line to an ellipse 
^t a point of which the co-ordinates are xf\ y^\ we have 

^2y//2 4. £2^/2 ^ ^2^ 

By diflFerentiatfng, we have 
hence, we have 

^nd for the normal y — ]/' "=- jnl/k^ """ ^)' 
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124. To find the equation of a tangent to lines of the 
second order, of which the equation for a particular point 
(An. Geom. Bk. VIj Prop. XII, Sch. 3) is 

By differentiating, we have 

dy" __ m + 2 na/^ 

hence, the equation of the tangent to a line of the second 
order is 



and the equation of the normal 



y-j/^=- 



2y 



// 



m + 2na/^ 



(a? -a/0. 



Of Asymptotes of Curves. 



125. An asymptote of a curve is a line which continually 
approaches the curve, and becomes tangent to it at an 
infinite distance from the origin of co-ordinates. 

Let AX and AY be 
the co-ordinate axes, and 



y-y"=%^^-'^"^' 



the equation of any tan- 
gent line, as TP. 
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If in the equation of the tangent, we make in succes- 
sion y = 0, 5?=0, we shall find 

If the curve CPB has an asymptote RE, it is plain 
that the tangent PT will approach the asymptote RE^ 
'vvhen the point of contact P, is moved along the curve 
from the origin of co-ordinates, and T and D will also 
approach the points R and Y, and will coincide with 
them when the co-ordinates of the point of tangency are 
infinite. 

In order, therefore, to determine if a curve have asymp- 
totes, we substitute in the values of AT and AD^ the co- 
ordinates of the point which is at an infinite distance from 
ihe origin of co-ordinates. If either of the distances AT, 
*^D, become finite, the curve will have an asymptote. 

If both the values are finite, the asymptote will be in- 
clined to both the co-ordinate axes : if one of the distances 
becomes finite and the other infinite, the asymptote will 
l^e parallel to one of the co-ordinate axes ; and if they both 
t>ecome 0, the asymptote will pass through the origin of 
^o-ordinates. In the last case, we shall know but one 
point of the asymptote, but its directicn may be deler- 

^ined by finding the value of -j-, under the supposition 
^liat the co-ordinates are infinite. 

126. Let us now examine the equation 

y* = mx + nx^i 
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of lines of the second order, and see if these lines have 
asymptotes. We find 



AT=x- 



AD = y 



2y^ __ —mx 



m-{-2nx m-\-2nx * 
mx + 2 no? mx 



which may be put under the forms 



X y X 

and making x= cd, we have 

AiJ=-^, and AE ^ 



271 ' 2Vn' 

If now we make n = 0, the curve becomes a parabola, 
and both the limits, AR, AE, become infinite : hence, 
the parabola has no rectilinear asymptote. 

If we make n negative, the curve becomes an ellipse, 
and AE becomes imaginary : hence, the ellipse has no 
asymptote. 

But if we make n positive, the cquidon becomes that 
of the hyperbola, and both the values, AR, AE, become 

finite. If we substitute for n its value --5, wo phah have 

A^ 

AR=-A, and AE=±.B. 
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Differentials of the Arcs and Areas of Segments 

of Curves, 

127. It is plain, that the chord and arc of a curve will 
approach each other continually as the arc is diminished, 
and hence, we might conclude that the limit of their ratio 
is unity. But as several propositions depend on this rela- 
tion between the arc and chord, we shall demonstrate it 
rigorously. 

128. If we suppose the ordi- iV 
nate PR of the curve, POM to 
be a function of the abscissa, we 
shall have (Art. 19), 



PQ^h, 



and 



/ i/r-y^MQ = {P+P'h)h; 

^ m which Pz=-^. 

ax 




Hence, PM= Vh^+{P+P'hfh'=hVl-i-{P+l''hf. 



We also have 



NQ = Ph; 



< 



lience, 



PN= VA' + P^/t' = A Vl + P», 
NM= NQ-MQ=- FT?' 



A' 



r 



^ 



hence, we have 

PN + MN hVl+P'-P'h'' _ Vr+P'-Fh , 
PM ~ A Vi + (P + P'hf " y/T+lF+FW ' 
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of which the limit, by making A = 0, is 



But the arc POM can never be less than the chord PM, 
nor greater than the broken Une PNM which contains it ; 
hence, the hmit of the ratio 

POM _ 



and consequently, the differential of the arc is equal to 
the differential of the chord. If we designate the arc by z, 
PM will be represented hy 2/ — z, and we shall have 

z'-z POM PM POM h /— T-7-R =-7^ 

and, by passing to the limiting ratio. 



dz , A, / . dy^ 

or c?2 = Vdx" + dy^ ; 

that is, the differential of the arc of a curve^ at any potntj 

is equal to the square root of the sum of the squares of 

the differentials of the co-ordinates. 

129. To determine the differential of the arc of a circle 

of which the equation is 

x' + y' = R% 

xdbc 
we have xdx + ydy = 0, or rfy = ; 



t 7 A. / 7 oc^da? dx / 

whence, dz = \r dx'^ + — 5— = — Vx^ + 



,2 

y' y 
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Rdx 



Rdx 



y ^h} - j?^' 

the same as determined in (Art 71). The plus sign is to 
be used when the abscissa x and the arc are increasing 
functions of each other, and the minus sign when they 
are decreasing functions (Art. 31). 

130. Let BCD be any segment 
of a curve, and let it be required 
to find the differential of its area. 

The two rectangles DCFE, 
DGME, having the same base 
DE, are to each other as DC to 
EM; and hence, the limit of their -^ -S 

ratio is equal to the limit of the ratio of jDC to EM, 
which is equal to unity. 

But the curvelinear area DCME is less than the rect- 
angle DGMEy and greater than the rectangle DCFE . 
hence, the limit of its ratio to either of them will be 
unity. But, 




DCME DCME DEFC ^^ DCME 

X ^^„^ =DC X 



DE 



DE 



DEFC 



DEFC 



or by representing the area of the segment by s and the 
ordinate DC by y, and passing to the limit, we have 



ds 



or ds = ydx ; 



hence, the differential of the area of a segment of aUy 
curve, is equal to the ordinate into the differential of the 
abscissa. 



9 
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131. To find the differential of the area of a circular 
segment, we have 

x^ + f = R\ and y= V/e^-a'; 

hence, ds=:dx Vr^ — a?. 

The differential of the segment of an ellipse, is 

B 



d5 = — ixVA^-a?, * 
and of the segment of a parabola 



ds = dx V2px, 



Signification of the Differential Coefficients. 



132. It has already been shown that, if the ordinate of 
a curve be regarded as a function of the abscissa, the first 
differential coefBcient will be equal to the tangent of iho 
angle which the tangent line forms with the axis of abscis- 
sas (Art. 1 13). We now propose to show the signification 

of the second differential coefficient, the ordinate being re- 
garded as a function of the abscissa. 

Let AP be the abscissa 
and PM the ordinate of a 
curve. From P lay off 
on the axis of abscissas 
PF=h, and PP'' = 2h. 
Draw the ordinates PM, 
P'M^F'M'; also the Vines 
A/M'iNT, M'M'^• and lastly, - 
A/Q, AfQ", parallel to the 
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axis of abscissas. Then will Jtf'Q = NQy ard we shall 
have 

PM=y, 

F^M'-FM=M^Q=z^h + -^—-{- &c. 

ax dar 1.2 

M'Q'-^MQ=+M'N=z^h^+ &c. 

dor 

Now, since the sign of the first member of the equation 
J8 essentially positive, the sign of the second member will 
also be positive (Alg. Art. 85). But by diminishing A, the 

sign of the second member will depend on that of the 
second differential coeflScient (Art. 44) : hence, the second 
differential coefficient is positive. 



If the curve is below 
ihe axis of abscissas, 
ihe ordinates will be 
negative, and it is easily 
^ecn that we shall then 
have 



3ff Q!—MCt^ — M'N^^ie + &c. 





P P' P'f 


A 


M 




<? 








M' 


Q' 






\> 




\ 


M' 








t 


\ 
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Now, since the first member is negative, the second 
member will be negative : hence we conclude that, if a 
curve is convex towards the axis of abscissas^ the ordi- 
nate and second differential coefficient will have like signs. 



N 




133. Let ns now con- 
sider the curve CMM!M!\ 
which is concave towards 
the axis of abscissas. We 
shall have, 



^^-y^ dx\ + d^ 1.2+ '^•' 

^ dx \ dx^ \,2 

FM- PM = M'Q =^ A + ^_^ + &c, 

dx I dor 1.2 

F'M'^FM'=M'Q'=^h + ^^^+ &c., 

dx dor 1.2 

M'Q-- M'Q = - NM'= -^h^ + &c. 

dor 

But since the first member of the equation is negative, 
ihe essential sign of the second member will also be 
negative : whence, the second differential coefficient will 
be negative. 
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If the curve is below the 
axis of abscissas, the ordi- 
nate will be negative, and it 
is easily seen that we should 
then have 




M'Q!-^MQ^+NM'=^K'+ &c.; 

d-ar 

hence we conclude that, if a curve is concave towards the 
axis of abscissas, the ordinate and second differential 
coefficient will have contrary signs. 

The ordinate will be considered as positive, imless the 
contrary is mentioned. 

134. Remark 1. The co-ordinates x and y, determine 
a single point in a curve, as JVf. The differential of y is 
derived from the ordinate PJtf, and is what QJ^F becomes 
when the ordinates P^M' and PM become consecutive. 

The second differential of y is derived from JJfQ, in 
the same way that dy is derived from the primitive func- 
tion y. It is, indeed, what J\F^Q' becomes, when M^^Q^ 
becomes consecutive with M^Q. The abscissa x being 
supposed to increase uniformly, the difference between 
PP^ and P^P^^ is : and therefore the second differential 
of X is 0. The co-ordinates x and y, and the first and 
second differentials determine three points, Jkf, JkP , Jif, 
consecutive with each other. 

135. Remark 2. When the curve is convex towards 
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the axis of abscissa, the first differential coeflScient, which 
represents the tangent of the angle formed by the tangent 
line with the axis of abscissas, is an increasing function 
of the abscissa : hence, its differential coefficient, that is, 
the second differential coefficient of the function, ought 
to be positive (Art. 31). 

When the curve is concave, the first differential coeffi- 
cient is a decreasing function of the abscissa ; hence, the 
second differential coefficient should be negative (Art. 31). 

Examination of the Singular Points of Curves. 

136. A singular point of a curve is. one which is dis 
tinguished by some particular property not enjoyed by 
the points of the curve in general. 

Let us, as a first example, find the points of a curve, 
through which the tangent lines will be parallel or per- 
pendicular to the axis of abscissa* 

137. Since the first differential coefficient expresses the 
value of the* tangent of the angle which the tangent line 
forms with the axis of abscissas, and since the tangent is 
0, when the angle is 0, and infinite when the angle is 90°, 
it follows that the roots of the equation 

ax 

will give the abscissas of all the points at which the tan- 
gent is parallel to the axis of abscissas, and the roots of 
tlie equation 

dy doc ^ 

^ = 00, or ^ = 0. 
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will give the abscissas of all the points at which the tan- 
gent is perpendicular to the axis of abscissas. 

138. If a curve from being convex towards the axis of 
abscissas becomes concave, or from being concave becomes 
convex, the point at which the change of curvature takes 
place is called a point of inflexion. 

Since the ordinate and differential coefficient of the 
second order have the same sign when the curve is convex 
towards the axis of abscissas, and contrary signs when it 
is concave, it follows that at the point of inflexion, the 
second differential coefficient will change its sign. There 
fore between the positive and negative values there will be 

« 

one value of x which will reduce the second differential 
coeflScient to or infinity (Alg. Art. 310): hence the roots 
of the equations 

Will give the abscissas of the points of inflexion. 

139. Let us now apply these principles in discussing 
the equation of the circle 

a? + y^ = R^. 

We have, by differentiating, 

dy _ X 
d<jc y ' 

and placing 

X 

^ = 0, * we have a? = 0. 

y 

Substituting this value in the equation of the curve, we 

have 

y=±:R; 
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hence, the tangent is parallel to the axis of abscissas at 
the two points where the axis of ordinates intersects the 
circumference. 
If we make 

dy X y ^ 

-f-=z = 00, or — -2- = 0, 

ax y X 

we have y = ; substituting this value in the equation, 

we find 

a?= dtiJ, 

and hence, the tangent is perpendicular to the axis of 
abscissas at the points where the axis intersects the cir- 
cumference. 

The second difierential coefficient is equal to 

which will be negative when y is positive, and positive 
when y is negative. Hence, the circumference of the 
circle is concave towards the axis of abscissas. 

If we apply a similar analysis to the equation of the 
ellipse, we shall find the tangents parallel to the axis of 
abscissas at the extremities of one axis, and perpendicular 
to it at the extremities of the other, and the curve concave 
towards its axes. 

140. Let us now discuss a class of curves, which may 
be represented by the equation 

y = 6±c(a7 — a)"*, 

in which we suppose c to be positive or negative, and 
different values to be attributed to the exponent m. 
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l«tr When c is positive, and m entire and even. 



By differentiating, we have 



-f- = mc(x — aT~\ 
ax 



da? 



= yw(wi — l)c(a? — a)*""". 



If we place the value ;t^ = 0, we find a: = a, and sub- 
siituting this value in the equation of the curve, we find 

y = b: 

hence, a? = a, y =^h, are the co-ordinates of tne point 
at which the tangent line is parallel to the axis of 
abscissas. 

Since m is even, tw — 2 will 
also be even, and hence the second 
differential coeflScient will be posi- 
tive for all values of x. The curve 
will therefore be convex towards 
the axis of JC, and there will be 
no point of inflexion. 

The value of a? = a renders the ordinate y a minimum, 
since after m differentiations a differential coefficient *of an 
even order becomes constant and positive (Art. 110). 

The curve does not intersect the axis of X, but cuts the 
axis of y at a distance from the origin expressed by 




y = 6 + ca"^. 
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141. 2d. When c w negative, and m entire and everts 



We shall have, by differentiating, yz=zb-- c^x—aj* 
dy 



and 



^ = — 7nc{x — aT"^, 
ax 



The discussion is the same as 
before, excepting that the second 
differential coeflScient being nega- 
tive for all values of a?, the curve 
is concave towards the axis of 
abscissas, and the value of a? = a, 
renders the ordinate y a maxi- 
mum (Art. 110). 

142. 3d. When c is plus or minus, and m entire c^^^ 

uneven. 

We shall have, by differentiating 




dy 
dx 



-il= di mc^x — a) 



o» 



flt— 1 



and« 



dx" 



±m(77i — l)c(a? — a) 



,ffl— s 



The first differential coefficient will be 0, when a? = fl, 
hence, the tangent will be parallel to the axis of abscissas, 
at the point of which the co-ordinates are x = a, y^h 
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Since the exponent m — 2 is 
uneven, the factor {x — a)"*— ^ will 
be negative when a: < a, and 
positive when jr > a; hence, this 
factor changes its sign at the 
point of the curve of which the 
abscissa is :r = a. 

If c is positive, the second differential coefficient will be 
negative for a:<a, and positive for ar>a; hence there will 
be an inflexion when x = a. If c were negative, the curve 
would be first convex and then concave towards the axis 
of abscissas, but there would still be an inflexion at the 
point :r = a. At this point the tangent line separates the 
two branches of the curve. 

There will, in this case, be neither a maximum nor a 
minimum, since after m differentiations a diflferential coef- 
ficient of an odd order, will become equal to a constant 
quantity (Art. 110). 

143. 4th. When c is positive or negative^ and m a 
fraction having an even numerator^ as xti=z -^. 

By differentiating, and supposing c positive, we have 

2c 



dy 2 , ,|-i 



I > 



3(a?-a)» 



do? 



2c 



9{x^af 



if 



If we make a: = a, the first differential coefficient will 
become infinite ; and the tangent will be perpendicular to 
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the axis of abscissas, at the point of which the co-ordinates 
are x = a, y = b. 

In regard to the second differen- 
tial coefficient, it will become infi- 
nite for a? = a, and negative for 
every other value of x, since the 
factor (a? — a) of the denominator 
is raised to a power denoted by an 
even exponent. Hence, the curve 
will be concave towards the axis of 
abscissas. 

If we take the equation of the curve 

and make a: = a + A, and a? = a — A, we shall have, m 
either case, 

and hence, y will be less for a? = a, than for any other 
value of Xy either greater or less than a. Hence, the 
value w = ay renders y a minimum. 

If c were negative, the equation would be of the form 

and we should have, by differentiating, 



and 



dy 
dx 

d^ 



2c 



I > 



3(a?-a)3 



2c 



4 ' 



9(a?-a)» 



DIFFERENTIAL CALCULUS. 



139 




The first and second differen- 
tial coefficients will be infinite for 
a: = a, and the second differential 
coefficient will be positive for all 
values of x greater or less than a; 
and hence, the curve will be con- 
vex towards the axis of abscissas. 

If, in the equation of the curve 

y = 6 — c{x — a)^, 

we make a? = a + A, and x=^a — A, we shall have, in 
either case, 

and hence, y will be greater for a: = a, than for any other 
value of X either greater or less than a. Hence, the 
value 2: =a, renders y a maximum. 

144. Remark, The conditions of a maximum or a 
minimum deduced in Art. 110, were established by means 
of the theorem of Taylor. Now, the case in which the 
function changes its form by a particular value attri- 
buted to ar, was excluded in the demonstration of that 
theorem (Art. 45). Hence, the conditions of minimum 
and maximum deduced in the two last cases, ought 
not to have appeared among the general conditions of 
Art. 110. 

We therefore see that there are two species of maxima 
and minima, the one characterized by 

?|^ = 0, the other by -^=» oo . 
dx ^ dx 
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In the first, we determine whether the function is a 
maximum or a minimum by examining the subsequent 
differential coefficient ; and in the second, by examining 
the value of the function before and after that value of x 
which renders the first differential coefficient infinite. 

The branches DE', MEy which are both represented by 
the equation. 

2 

are not considered as parts of a continuous curve. For, 
the general relations between y and x which determine 
each of the parts DE^ ME, is entirely broken at the 
point M, where x = a. The two parts are therefore 
regarded as separate branches which unite at M. The 
point of union is called a cusp, or a cusp point. 

145. 5th. When c is positive or negative and m a 

3 

fraction having an even denominator, as m ==-r. 

Under this supposition the. equation of the curve will 
become 

y = 6±c(a?— a)*, 
and by differentiating, we have 

^ = ± ^^ 

4(a7--a)T 

and • '^y _ 3c 

4.4(a?--fl)T 
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M 



I 



The curve represented by this 
eouation will have two branches: 
the one corresponding to the plus 
sign will be concave towards the 
axis of abscissas, and the one cor- 
responding to the minus sign will be i 
convex. Every value of x less than 
a will render y imaginary. The co-ordinates of the point 
Af, are a?=:a, y = 6. 

146. 6th. When c is positive or negative and ra a 

fraction having an uneven numerator and an uneven de' 

3 

nominator, as m= — . 
' 5 

Under this supposition thp equation will become 

y = hdz c{x — aY, 
and by differentiating, we have 



dy _ 



dx 



=z dz 



3c 



cPy _ 



b{x — a) 



3.2c 



2 > 



da? 



7 » 



5.5(a7 — a)* 

from which we see that if we use the superior sign of the 
first equation, the curve will be convex towards the axis 
of abscissas for a: < a, that there will be a point of inflexion 
for a? = a, and that the curve will be concave for x^a. 
If the lower sign be employed, the first branch will become 
concave, and the other convex. 

147. The cusps, which have been considered, were 
formed by the union of two curves that were convex to- 
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wards each other, and such are called, cusps of the first 
order. 

It frequently happens, however, that the curves which 
unite, embrace each other. The equation 

furnishes an example of this kind. By extracting the 
square root of both members and transposing, we have 



y = x^±x^ \ 



and by differentiating 



dy_ 
dx 



, — <w X — 1— — ^ X , 



_5 1 
2 



d\ ^ 6 3 7 
dx^ 2 2 




We see by examining 
the equations, that the curve 
has two branches, both of 
which pass through the 
origin of co-ordinates. The 
upper branch, which corres- 
ponds to the plus sign, is constantly convex towards the 
axis of abscissas, while the lower branch is convex for 

x<^ , and concave for a?> and a7<l. At 

225' 225 

the last point the curve passes below the axis of abscissas 
and becomes convex towards it. If we make the first dif 
fcrential coefficient equal to 0, we shall find a? = 0, and' 
substituting this value in the equation of the curve, gives 
y = ; and hence, the axis of abscissas is tangent to both 
branches of the curve at the origin of co-ordinates. At 
this point the differential coefficient of the second ordei 
is positive for both branches of the curve, hence thev 
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are both convex towards the axis. When the cusp is 
formed by the union of two curves which, at the point 
of contact, lie on the same side of the common tangent, il 
IS called a cusp of the second order. 

148. Let us, as another example, discuss the curve 
whose equation is 

y = 5 ifc (a? — a) yx-~c. 
By differentiating, we obtain 

ax 2 Vx — c 

We see, from the equa- 
tion of the curve, that y will 
be imaginary for all valuer 
of X less than c. 

For x—c, we have y=b ; 
and for a? > c, we have two 
values of y and conse- 
quently two branches of 
thie curve, until x = a when they unite at the point Af . 
For 0? > a there will be two real values of y and conse- 
quently two branches of the curve. The point M, at 
which the branches intersect each other, is called a mul- 
tiple point, and differs from a cusp by being a point 
of intersection instead of a point of tangency. At the 
multiple point M there are two tangents, one to each 
branch of the curve. The one makes an angle with the 
ixis of abscissas, whose tangent is 




+ y/a—o 
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the other, an angle whose tangent is 



149. Besides the cusps and multiple points which have 
already been discussed, there are sometimes other pomts 
lying entirely without the curve, and having no connexion 
with it, excepting that their co-ordinates will satisfy the 
equation of the curve. 

For example, the equation 

will be satisfied for the values 
a?=dbO, y=dzO; and hence, 
the origin of co-ordinates A, 
satisfies the equation of the 
curve, and enjoys the property 
of a multiple point, since it is 
the point of union of two values 
of a?, and two values of y. 

If we resolve the equation with respect to y, we find 




V a 



and hence, y will be imaginary for all negative values of 
a?, and for all positive values between the limits a? = and 
x = h. For all positive values of x greater than 5, the 
values of y will be real. 

The first differential coefficient is 

(fy_ a:(3a7— 26) 
^^2 Vaa^(a7~6) ' 
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or by dividing by the common factor a?, 

dy _ 3j? — 2& 

dx" 2 Va(a?-6) 

and making a? = 0, there results 

dy _ 2b 

doc 2^ —ah ' 

which is imaginary, as it should be, since there is no poin 
of the curve v^hich is consecutive with the isolated or con- 
jugate, point. The difierential coefficients of the higher 
orders are also imaginary at the conjugate points. 

150. We may draw the following conclusions from the 
preceding • discussion. 

1st. The equation -f- = 0, determines the points at 

dx 

which the tangents are parallel to the axis of abscissas. 

2d. The equation -^ = oo , determines the points of 

the curve at which the tangents are perpendicular to the 
axis of abscissas. The two last equations also determine 
the cusps, if there are any, in all cases where the 
tangent at the cusps is parallel or perpendicular to the 
axis of abscissas. 

3d. The equation -^=zO^ or -y^=QO determines 

the points of inflexion. 

4lh. The equation -p-= an imaginary constant, in. 
dicates a conjugate point. 
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CHAPTER VII. 



Of Osculatory Curves — Of Evolutes. 



161. Let PT be tangent to the curve ABP at the point 
P, and PN a normal at the same point : then will PT 
be tangent to the circumference of every circle passing 
through P, and having its centre in the normal PN. 

It is plain that the cen- 
tre of a circle may be 
taken at some point C, 
80 near to P, that the cir- 
cumference shall fall with- 
in the curve APB, and 
then every circumference 
described with a less ra- 
dius, will fall entirely 
within the curve. It is 

also apparent, that the centre may be taken at some point 
C, so remote from P, that the circumference shall fall 
between the curve APB and the tangent PT, and then 
every circumference described with a greater radius will 
fall without the curve. Hence, there ar^ two classes of 
tangent circles which may be described; the one Ijring 
within the curve, and the other without it. 
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152. Let there be 
three curves, APB, 
CPD, EPF, which 
have a common tan- 
gent 7TP, and a com- 
mon normal PN ; then 
will they be tangent to 
each other at the point 
P. It does not follow, 
However, from this cir- 
cumstance, that each curve will have an equal tendency to 
coincide with the tangent TP, nor does it follow that any 
two of the curves CPDy EPF, will have an equal ten 
dency to coincide with the first curve APB. 

It is now proposed to establish the analytical 
conditions which determine the tendency of curves to 
coincide with each other, or with a common tangent. 

Designate the co-ordinates of the first curve APB by 
X and y, the co-ordinates of the second CPD by a/, y', 
and the co-ordinates of the third EPF by a/\ y[' . If we 
designate the common ordinate PR by y, y', %/', we shall 
then have 



dx 1 do?\.^ da? 1.2.3 



dod 1 cia/n.2 (ij/n.2.3 



+ &c.; 



"^'=i^'+-^-+^T:2+d*r2:3+*''- 

But smce the curves are tangent to each other at the 
point P, we have (Art. 119), 
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y = y = y". and | = ^ = g: hence 

** - ^* - w ~ ^y* o ■•■ to ~ ^ 1x3 ■*" *''- 

■ 

Now, in order that the first curve APB shall a][)proach 
more nearly to the second CPD than to the third EPF^ 
we must have 

and consequently, 

m which we have represented the coefficients in the first 
seiies by A, 5, C, &c., and the coefficients in the second 
by A', H, a, &c. 

Now, the limit of the first member of the inequality will 
always be less than the limit of the second, when its first 
term involves a higher power of h than the first term of 
the second. For, if A = 0, the first member will involve 
the highest power of A, and we shall have 

B-l5— + &c., < A'— + jS'r-^ + &c^ 
1.2.3 ' 1.2 1.2.3 

and by dividing by A^, 

1.2.3 '^ 1.2 1.2.3 ' 

and by passing to the limit 
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0<A'A. 

But when A = 0, we have 

and hence, when three curves have a common ordinate, the 
first will approach nearer to the second than to the third, 
if the number of equal differential coefficients between the 
first and second is greater than that between the first and 
third. And consequently, if the first and second curves 
have 771+1 differential coefficients which are equal to 
each other, and the first and third curves only m equal dif- 
rential coefficients, the first curve will approach more 
nearly to the second than to the third. Hence it appears, 
that the order of contact of two curves will depend on 
the number of corresponding differential coefficients which 
are equal to each other. 

The contact which results from an equality between the 
co-ordinates and the first differential coefficients, is called 
a contact of the^r^^ order y or a simple tangency (Art. 119). 
If the second differential coefficients are also equal to each 
other, it is called a contact of the second order. If the first 
three differential coefficients are respectively equal to each 
other, it is a contact of the third order; and if there are m 
differential coefficients respectively equal to each other, it 
is a contact of the mth order. 

153. Let us now suppose that the second line is only 
given in species, and that values may be attributed at 
pleasure to the constants which enter its equation. We 
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shall then be able to establish between the first and second 
lines as many conditions as there are constants in the 
equation of the second line. If, for example, the" equation 
of the second line contains two constants, two conditions 
can be established, viz. : an equality between the co- 
ordinates, and an equality between the first differential 
coefficients ; this will give a contact of the first order. 

If the equation of the second curve contains three con 
stants, three conditions may be established, viz. : an equality 
between the co-ordmates, and an equality between the first 
and second differential coefficients. This will give a con- 
tact of the second order. If there are four constants, we 
can obtain a contact of the third order ; and if there are 
m + l constants, a contact of the mth order. 

It is plain, that in each of the foregoing cases the highest 
order of contact is determined. 

The line which has a higher order of contact with a 
given curve than can be found for any other line of the 
same species, is called an osculatrix. 

Let it be required, for example, to find a straight line 
which shall be osculatory to a curve, at a given point of 
which the co-ordinates are x^\ y" , 

The equation of the right line is of the form 

yz=:ax-\-h, 

and it is required to find such values for the constants a 
and h as to cause the line to fulfil the conditions, 

x = a/', y = y', and % = %. 
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By differentiating the equation of the hne, we have 

dy 

dx ' 

and since the line passes through the point of osculation 

y-y"=%{'>-^')- 

Substituting for -p its value -i^t"? we have 

for the equation of the osculatrix. 
In the equation of the circle 

^ J dy X dy" a!' 

we find -r — ---rJT= Tf 

dx y dx' y" 

hence, the equation of the osculatrix of the first order, to 

the circle, is 

a// 

or by reducing yy" + xoJ' = 7J^. 

154. If « and ^ represent the co-ordinates of the centre 
of a circle, its equation will be of the form 

It this equation be twice differentiated, we shall have 
(a? — «)(ic + (y — i9)dy = 0, 
da? + dv^ + (y _ ^) cPy _ ; 
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and by combining the three equations, we obtain, 



"-^^ — ^' 

_^dy fda? ■{- dy^ 



dx\ 



cPy 



)■ 



R 



dxd^y 



If it be now required to make this circle osculatory to 
a given curve, at a point of which the co-ordinates are a/', 
i/\ we have only to substitute in the three last equations, 
the values of 



dy__ dy^ 
dx dod' ' 



do? "" dod'^ ' 



deduced from the equation of the curve, and to suppose, at 
the same time, the co-ordinates x and y in the curve to 
become equal to those of x and y in the circle. 

If we suppose a?", y^' to become general co-ordinates 
of the curve, the circle will move around the curve, con- 
tinually changing its radius, and will become osculatory 

at all the points in succession. 

155. If the circle CD • 

be osculatory to the curve 
EF, at the point P, we 
shall have 



h^ 



-h&c, 



^*=^^ +1.2.3 
for h positive ; and 
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for h negative : hence, the two lines qs, q'sfy hare contrary 
signs. The curve, therefore, hes above the osculatory cir- 
cle on one side of the point P, and below it on the other, 
and consequently, divides the osculatory circle at the point 
of osculation. Hence, also, the osculatory circle separates 
the tangent circles which lie without the curve from those 
which lie within it (Art. 151). 

In every osculatrix of an even order the first term in the 
values of qs^ q'sfy will, in general, contain an uneven power 
of A ; and hence their signs may be made to depend on 
that of A. The curve will therefore lie above the oscu- 
latrix on one side of the point P, and below it on the 
other ; and hence, every osculatrix of an even order ^ will 
in general he divided by the curve at the point of oscula- 
tion, . 

156. The first differential equation of Article 154, 

{x — tt)dx + (y — fi)dy = 

may be placed under the form 

dx 

It we make the circle osculatory to the curve we nave 

x = x^\ y = y^^, and 
dx dod' 

which is the equation of a normal at the point whose co- 
ordinates are of' yf' (Art. 122). But this normal passes 
through the point whose co-ordinates are « and i3. Hence, 
t}\je normal drawn through the point of osculation^ will 
contain the centre of the osculatory circle* 

157. It was shown in (Art. 155) that the osculatory cir- 
cle is, in general, divided by the curve at the point of oscu- 
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lation. The position of the curves with respect to each 
other indicates this result. 

For, the osculatory circle is always symmetrical with 
respect to the normal, while the curve is, in general, not 
symmetrical with respect to this line. If, however, the 
curve is isymmetrical with respect to the normal, as is the 
case in lines of the second order when the normal coincides 
with an axis, the curve will not divide the osculatory circle 
at the point of osculation ; and the condition which renders 
the second differential coefficients in the curve and circle 
equal to each other, will also render the third diflferential 
coefficients equal, and the contact will then be of tiie third 
order. 

158. The radius of the osculatory circle 

dxdPy 

is affected with the sign plus or minus, and it may be well 
to determine the circumstances under which each sign is 
to be used. 

If we suppose the ordinate to be positive, we shall have 
(Art. 133) 

-r-^, and consequently cPy 

negative when the curve is concave towards the axis ot 
abscissas, and positive when it is convex. If then, we 
wish the radius of the osculatory circle to be positive for 
curves which are concave towards the axis of abscissas, we 
must employ the minus sign, in which case the radius will 
be negative for curves which are convex. 
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159. If the circumferences of two circles be described 
with diflferent radii, and a tangent line be drawn to .each, it 
is plain that the circumference which has the less radius 
will depart more rapidly from its tangent than the circum- 
ference which is described with the^greater radius; and 
hence we say, that its curvature is greater. And gener- 
ally, the curvature of any curve is said to be greater or less 
than that of another curve, according as its tendency to 
depart from its tangent at a given point, is greater or lesa 
than that of the curve with which it is compared. 

160. The curvature is the same al all the points of the 
same circumference, and also in all circumferences described 
with equal radii, since the tendency to depart from the tan- 
gent is the same. In different circumferences, the curva- 
ture is measured by the angle fgrmed by two radii drawn 
through the extremities of an arc of a given length. 

Let r and / designate the radii of two circles, a the 
length of a given arc measured on the circumference of 
each ; c the angle formed by the two radii drawn through 
the extremities of the arc in the first circle, and d the 
angle formed by the corresponding radii of the second. 
We shall then have 



2xr : a :: 360^ : c, hence, c =552!^; 



also, 



2*/ : a :: 360^ : d, hence, c' = ^^^; 



and consequently 



^ • gv • • _____ • ^^^ 
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that is, the curvature in different circumferences varies 
inversely as the radii. 

161. The curvature 
of plane curves is meas- 
ured by means of the 
osculatory circle. 

If we assume two 
points P and P', either 
on the same or on dif- 
ferent curves, and find 

the radii r and / of the circles which are osculatory at 
these points, then 

curvature at P : curvature at P' : : — • -rt 

r r 

that is, the curvature at different points varies inversely 
as the radius of the osculatory circle,' 

The radius of the osculatory circle is called the radius 
of curvature. 

162.- Let us now determine the value of the radius oi 
curvature for lines of the second order. 

The general equation of these lines (An. Geom. Bk. VI, 
Prop. XII, Sch. 3), is 



y^ = mx + nod^y 



which gives. 



, {m + 2nx)dx j^ + jy2^ [4f+{m+2na:f]da? 
^ 2y ' ^^ -rui^ ^^2 



72 _ 2nyda!^^{m+2nx)dxdy _ [4iny^--{m-{-2nxf]da ^ 
y- 2f "" 4y3 
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Sabstituting these values in the equation 

^^ dxJ^y ' 

we obtain 

f 

„ _ [4(7wa? + no?) + {rn + 2n xfY 

which is the general value of the radius of curvature in 
lines of the second order, for any abscissa x. 

163. If we make a? = 0, we have 

R = -^m = -; 

that is, in lines of the second order, the radius of curva- 
tare at the vertex of the transverse axis is equal to half 
the parameter of that axis. 

If be required to find the value of the radius of curva- 
ture at the extremity of the conjugate axis of an ellipse, 
we make (An. Geom. Bk. VIII, Prop. XXI, Sch. 3), 



2E^ I? 






which gives, after reducing, 

B ' 

m 

hence, the radius of curvature at the vertex of the conju- 
gate aans of an ellipse is equal to half the parameter of 
that axis. 

In the case of the parabola, in v^^hich n = 0, the general 
value of the radius of curvature becomes 
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K = — 5 

164. If we compare ihe value of the radius of curvature 

with that of the normal line found in (Art. 118), we sha*l 

have 

p _ (normal)^ 

4 

that is, the radius of curvature at any point is equal to 
the cube of the normal divided by half the parameter 
squared : and hence, the radii of curvature at different 
points of the same curve are to each other as the cubes of 
the corresponding normals. 

Of the Evolutes of Curves. 



165. If we suppose an os- 
culatory circle to be drawn at 
each of the points of the 
curve APP^B, and then a 
curve ACC'O^ to be drawn A 
through the centres of these 
circles, this latter curve is 
called the evolute curve, and 
^he curve APP^B the invo- 
lute. 



166. The co-ordinates of the centre of the osculatory 
C3rcle, which have been represented by « and /3, are con- 
stant for given values of the co-ordinates x and y of the 
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involute curre, but they become variable when we pass 
from one point of the involute curve to another. 

167. We have ahready seen that the osculatory circle is 
characterized by the equations (Art. 154) 

(^--)'+(y-^)' = «^ (1) 

(a?-«)cZa? + (y-^)dy = 0, (2) 
do?+df + {y-^)d?y = 0. (3) 

If it be required to find the relations between the co- 
ordinates of the involute and the co-ordinates of the 
evolute curves, we must differentiate equations (1) and (2) 
under the supposition that « and /3, as well as x and y, 
are variables. We shall then have 

(j?- «)rfa7 + (y — i3)rfy — (a? — «)d« — (y — i3)rf/3 = RdR, 

do? + dy^ + (y — /3)cPy — dof^dx ^d^dy = 0. 

Combining these with equations (2) and (3), we obtain 

~(y-^)d^-(a?-«)c?« = Ud2?, .(4) 

— decdx^dfidy^O. 

The last equation gives 

d^_ dx , V 

T^-'d^' ^^^ 

But equation (2) may be placed under the form 

which represents a normal to the involute (Art. 1 22), and 

which becomes, by substituting for — -j- its value -^, 

dy ace 
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y-^ = ^(^--). (6) 

or ^ - y = :r(« - x) (Art. 120). 

This last equation, which is but another form for the 
equation of the normal to the involute, is, in fact, the 
equation of a tangent line to the evolute, at the point 
whose co-ordinates are a and/3; hence, a normal line to 
the involute curve is tangent to the evolute. 

168. It is now proposed to show, that the radiiis of cur^ 
vature and the evolute curve have equal differentials 
Combining equations (2) and (5) we obtam 

(x--) = (y-^)g, (7) 
or by squaring both members, 

combining this last with equation (1) we have 

(*^(y-^f=i^^ (8) 

Combining equations (4) and (7), we have 

-{y-^)dfi-{y-fi)^ = RdR, 

or -.i — — ^y^^-) = RdR; 



DIFFERENTIAL CALCULUS. 161 

or by squaring both members 



d^ 



2 



iy^^Y=.R\dKf. 



Dividing this last by equation (8), member by member 
we have 

or dR = Vd^f+W, 

But if s represents the arc of the evolute curve, of which 
the co-ordinates are « and i3, we shall have (Art. 128), 

ds= Vd«2 + dfi ; 

hence, dR = ds ; 

that is, the differential of the radius of curvature is equal 
to the differential of the arc of the evolute, 

169. It does not follow, however, from the last equation, 
that the radius of curvature is equal to the arc of the evolute 
curve, but only that one of them is equal to the other plus 
or minus a constant (Art. 22). Hence, 

R = s + a 

is the form of the equation which expresses the relation 
between them. 
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If we determine the radii 
of curvature at two points of 
the involute, as P and P', 
we shall have, for the first, 

and for the second 

R^ = s^ + a; 
hence, 

and hence, the difference bettoeen the radii of curvature at 
any two points of the involute is equal to the part of tJie 
•evolute curve intercepted between them. 

170. The value of the constant a will depend on the 
position of the point from which the arc of the evolute 
curve is estimated. 

If, for example, we take the radius of curvature for lines 
of the second order, and estimate the arc of the evolute 
curve from the point at which it meets the axis, the value 

of s will be when jR = — m (Art. 163): hence we 
shall have 



— 771 = + a 
2 



or a = — 771 ; 
2 ' 



and for any other point of the curve 



R = s + —m. 
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Either of the evolutes, jPjB, 
FE\ FW, or FE, corres- 
ponding to one quarter of the 
ellipse, is equal to (Art. 169) 



B 



E" 




171 . The evolute curve takes 
its name from the connexion which it has with the corres 
ponding involute. 

Let COO' be an evolute 
curve. At C draw a tan- 
gent A C, and make it equal 
to the constant a in the equa- 
tion 

R = s + a, 

Wrap a thread ACOO' 
around the curve, and fasten 
it at any point, as O'. 

Then, if we begin at A, 
and unwrap or evolve the ' 

thread, it will take the positions PO^ P'O'^ &c., and the 
point A will describe the involute APF : for 

PO^ACr=.CO and FO' ^AC=COO'y ice 

172. The equation of the evolute may be readily found 
t>y combining the equations 







a? — « = 



dy{dc?+df) 
dxd?y 



^^th the equation of the involute curve. 
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1st. Find, from the equation of the involute, the values of 

^ and (Py, 

and substitute them in the two last equations, and there 
will be obtained two new equations involving «, ft x and y. 
2d. Combine these equations with the equation of the 
involute, and eliminate x and y: the resulting equation 
will contain «, i3, and constants, and will be the equation 
of the evolute curve. 

173. Let us take, as an example, the common parabola 
of which the equation is 

y^=zmx. 
We shall then have 



S~2y' ^"■" 4y3 ' 



and hence 



_ 4y^ /4y'^ + 7r^\ _ 4y^ + rrfy __ 4y^ 
^"^^~^\ 4y2 / ^? ^HF^^' 

and by observing that the value of a? — « is equal to tha-' 
of y — p multiplied by — p, we have 



4 V + w 
ar — «= ^ ; 

2m ' 



hence we have. 



4v^ , 2v^ m 

— ^ = —^ and a? — « = ^ : 

m^* ' m 2 
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substituting for y its value in the equation of the involute 



JL 1 



we obtain 



-P = 



4a?« 



m' 



m 



a;— «= —2a? — —; 

4» 



and by eliminating x, we have 



27m\ 2 /' 



which is the equation of the evolute. 
If we make jS = 0, we have 

1 
2 ' 

and hence, the evolute meets the 
axis of abscissas at a distance from 
the origin equal to half the param- 
eter. If the origin of co-ordinates 
be transferred from A to this 
point, we shall have 




af^ec — 



1 



m. 



and consequently 



^' = 



16 
27 m 



/3 



■The equation of the curve shows that it is symmetrical 
^ilh respect to the axis of abscissas, and that it does not 
extend in the direction of the negative values of «'. Tlie 
^Volute CO corresponds to the part i4P of the involute, 
^d Ca^ to the part AP'. 
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CHAPTKR VIII. 

Of Transcendental Curves, — Of Tangent Planes 
and Normal Lines to Surfaces. 

174. Curves may be divided into two general classes . 
1st. Those whose equations are purely algebraic ; and 
2dly. Those whose equations involve transcendental 

quantities. 

The first class are called algebraic curves, and the 
second, transcendental curves. 

The properties of the first class having been already 
examined, it only remains to discuss the properties of the 
transcendental curves. 

Of the Logarithmic Curve. 

175. The logarithmic curve takes its name from the 
property that, when referred to rectangular axes, one of 
the co-ordinates is equal to the logarithm of the other. 

If we suppose the logarithms to be estimated in paral- 
lels to the axis of Y, and the corresponding numbers to 
be laid off on the axis of abscissas, the equation of the 
curve will be 

y =: Ix. 
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176. If we designate the 
base of a system of loga- 
rithms by a, we shall have, 
(Alg. Art. 241) 

and if we change the value 
of the base a to a\ we shall 
have 




a^^ = a?. 



It is plain, that the same value of x, in the two equations 
will give different values of y, and hence, every system of 
logarithms will give a different logarithmic curve. 

If we make y = 0, we shall have (Alg. Art. 257) 
X = 1; and this relation being independent of the base of 
the system of logarithms, it follows, that every logarithmic 
curve will intersect the axis of numbers at a distance from 
the origin equal to unity. 

The equation 

a^ = x, 

will enable us to describe the curve by points, even with- 
out the aid of a table of logarithms. For, if we make 



y = 0, 



1 



2' 



3 



y = — , &c., 



we shall find, for the corresponding values of a?, 

a? = 1, a? = y^, a? = a ^, x = -^a &c. 

177. If we suppose the base of the system of logarithms 
to be greater than unity, the logarithms of all numbers lesa 
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ll\an unity will be negative ( Alg. Art. 256) ; and therefore, 
the values of y corresponding to the abscissas, between the 
limits a? = and x = AE = lj will be negative. Hence, 
these ordinates are laid off below the axis of abscissas. 

When a? = 0, y will be infinite and negative (Alg. Art. 
264). If we make x negative, the conditions of the equa- 
tion cannot be fulfilled ; and hence, the curve does not 
extend on the side of the negative abscissas. 

178. Let us resume the equation of the curve 

y = lx. 

It we represent the modulus of the system of logarithms 
by A, and difierentiate, we obtain (Art. 56), 

, , dx 
dy = A—y 

X 

dy A 
or ■—■ = — . 

ax X 

But -J- represents the tangent of the angle which the 

tangent line forms with the axis of abscissas : hence, the 
tangent will be parallel to the axis of abscissas when 
x= OD , and perpendicular to it when x = 0. 

But when a? = 0, y = — oo ; hence, the axis of ordinates 
is an asymptote to the curve. The tangent which is 
parallel to the axis of X is not an asymptote : for when 
a = 00 , we also have y = qd , 

179. The most remarkable property of this curve be 
longs to its sub-tangent TR^, estimated on the axis of 
logarithms. We have found, for the sub-tangent, on the 
axis of X (Art. 1 1 i), , 
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and by simply changiDg the axes, we have 

ax 

hence, the sub-tangent is equal to the modulus of the 
system of logarithms from which the curve is constructed. 
In the Naperian system Af = 1, and hence the sub-tangent 
will be equal to 1 = AE. 



Of the Cycloid. 



B 





180. K a circle NPG be rolled along a straight hne 
AL, any point of the circumference will describe a curve, 
which is called a cycloid. The circle NPG is called the 
generating circle, and P the generating point. 

It is plain, that in each revolution of the generating circle 
an equal curve will be described ; and hence, it will only 
be necessary to examine the properties of the curve 
APjBL, described in one revolution of the generating circle. 
We shall therefore refer only to this part when speaking 
of the cycloid. 

181. If we suppose the point P to be on the line AL 
at A, it will De found at some point, as L, after all the 
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points of the circumference shall have been brought in 
contact with the line AL, The line AL will be equal to 
the circumference of the generating circle, and is called 
the base of the cycloid. The line BM, drawn perpen 
dicular to the base at the middle point, is equal to the 
diameter of the generating circle, and is called the axis of 
the cycloid. 

182. To find the equation of the cycloid, let us assume 
the point A as the origin of co-ordinates, and let us sup- 
pose that the generating point has described the arc AP. 
If N designates the point at which the generating circle 
touches the base, AN will be equal to the arc NP, 

Through N draw the diameter NG, which will be 
perpendicular to the base. Through P draw PR perpen- 
dicular to the base, and PQ parallel to it. Then, PR=:NQ 

will be the versed-sine, and PQ the sine of the arc NP. 
Let us make 

ON=r, AR = x, PR=zNQ=zy, 

we shall then have 



PQ=V2ry^=yr x = AN-RN=:aicNP^PQ: 

hence, the transcendental equation is 

X = ver- sin"*y — V2ry — y^ 
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183. The properties of the cycloid are, however, most 
easily deduced from its differential equation, which is 
readily found by differentiating both members of the trans- 
scendental equation. 

We hare (Art. 71), 

d(ver-sin~*y) = ' 



^/2ry — y^ 



d(^V2^^^i:?) = -"-^ 



ydy 



hence. 



VSry^^ 



^^ rdy _ rdy-ydy^ ^ 
'v/2ry — y^ y/2 ry — y^ 



or . dxz=z —- ^ y ; 

V2ry--y^ 

which is the differential equation of the cycloid. 

184. If we substitute in the general equations of (Arts. 
114, 115, 116, 117), the values of dx, dy^ deduced from 
the differential equation of the cycloid, we shall obtain the 
values of the normal, sub-normal, tangent, and sub-tangent. 
They are, 

normal FN = Vsry, sub-normal RN = Vsr^"^^^, 
tangent Pr=: ^ ^^^^ , sub-tangent TiR =-7=^ 



^/2ry — y^ V^ry — y^ 

These values are easily constructed, in consequence of 
their connexion with the parts of the generating circle. 

The sub-normal RN, for example, is equal to PQ of 
the generating circle, since each is equal to ^/^ry — y^ : 
hence, the normal PN and the diameter GN intersect 
the base of the cycloid at the same point. 
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Now, since the tangent to the cycloid at the point P is 
pei-pendicular to the normal, it must coincide with the 
chord PG of the generating circle. 

If, therefore, it be required to draw a normal or a tan- 
gent to the cycloid, at any point as P, draw any line, as 
ngy perpendicular to the base AL, and make it equal to 
the diameter of the generating circle. On ng describe a 
semi circumference, and through P draw a parallel to the 
base of the cycloivi. Through p, where the parallel cuts 
the semi-circumfeience, draw the supplementary chords 
pn, pg, and then draw through P the parallels PiV, PG, 
and PN will be a norma!, and PG o. tangent to the cycloid 
at the point P. 

185. Let us re.scime the differenna! vu^^tion of the 
cycloid 

which may be put under the form 

dy__ V2ry^y'' _ /2r ~ 
dx y ^ y 

If we make y = 0, we shall havB 



dy 

-^ = 00; 

dx 



and if we make y = 2r, we shall hav 

^ = 0: 
dx 
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hence, the tangent lines drawn to the cycloid at the points 
where the curve meets the base, are perpendicular to the 
base; and the tangent drawn through the extremity of the 
greatest ordinate, is parallel to the base. 
186. Kwe diflferentiate the equation 



dx 



ydy 



regarding dx as constant, we obtain 

V2ry — y* 
or by reducing and dividing by y, 

= (2ry — y'^)d^y + rdy^y 

whence we obtain 

rdy^ 



y 2ry-f' 



and hence the cycloid is concave towards the axis of 
abscissas (Art. 133). 

187. To find the e volute of the cycloid, let us first sub- 
stitute in the general value of 

{dx' + dff 
dxdj'y ' 

the value of d?y found in the last article : we shall then 
have 

B = 2«(ry)« = 2V2ry; 

hence, the radius of curvature corresponding to the ex- 
tremity of any ordinate y, is ^ual trouble the normal. 
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The radius of curvature is when y = 0, and equal tc 
twice the diameter of the generating circle for y=2r.* 
hence, the length of the evolpte curve from A to A' is 
equal to twice the diameter of the generating circle. 

Substituting the value of cPy in the values of y — ft 
a?— « (Art. 172), we obtain 



y — p = 2y, a? — « = — 2 '>j2ry — y^ ; 



hence we have 



y=-ft 



a? = « — 2 V— 2r/3 — /S^. 



Substituting these values of y and x in the transcen- 
dental equation of the cycloid, we have 



« = ver-sin~* — P + yC 2r/3 — ^^ 

which is the transcendental equation of the evolute, re- 
ferred to the primitive origin and the primitive axes. 

Let us now trans- 
fer the origin of co- 
ordinates to the point 
A^, and change at 
the same time the 
direction of the posi- 
tive abscissas : that 
is, instead of estima- 
ting them from the ^' 
left to the right, we will estimate them from the rigi 
to the left. Let us designate the co-ordinates of tl * 
evolute, referred to the new axes A' M, AUS^ by «' and i' 
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Since A'X=z AM=i the semi-circumference of the gene- 
rating circle, which is equal to rsrj we shall have, for the 
abscissa A^R^ of any point P', 

A'ii'=«' = r«'--«, hence, t^^.r^ — ^! \ 
and for the ordinate, we shall have 

iJ'P'zr ^'= B!E - F'E = 2r - (- /8) = 2r + p, 
hence, p=— 2r + /a', or — i3 = 2r — /a'. 

Substituting these values of « and f^ in the transcen 
dental equation of the evolute, we obtain 



r^r - «'= ver-sin-* (2r — /3') + V2r^^^^^\ 

or uf=r^^ ver-sin"^'(2 r — /S') — ^/2r^'—^'^ 

But the arc whose versed-sine is 2r — j3', is the supple 
Daent of the arc whose versed-sine is /3', hence 



o'zrver-sin"* fif—'^^r^'—^'^ 

which is the equation of the evolute referred to the new 
origin and new axes. 

But this equation is of the same form, and involves the 
same constants as that of the involute : hence, the evolute 
and involute are equal curves. 



Of Spirals. * 

188. A spiral is a curve described by a point which 

moves along a right line, according to any law whatever, 

the line having at the same time a uniform angular motion. 

12 
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Lei ABC be a straight 
line which is to be turned 
uniformly around the 
point A. When the 
motion of the line be- 
gins, let us suppose a 
point to move from A 
along the line in the 
direction ABC. When 
the lifie takes the posi- 
tion ADE the point will 

have moved along it to some point as D, and will have 
described the arc AaD of the spiral. When the line 
takes the position AUE' the point will have described 
the curve AaDD\ and when the line shall have comple- 
ted an entire revolution the point will have described the 
curve AaDD^B. 

The point A, about which the right line moves, is 
called the pole ; the distances AD, AUy AB, are called 
radiuS'VectorSy and if the revolutions of the radius-vector 
are continued, the generating point will describe an in- 
definite spiral. The parts AaDD^B, BFPC, described in 
each revolution, are called spires. 

189. If with the pole as a centre, and AB, the distance 
passed over by the generating point in the direction of the 
radius-vector during the first revolution, as a radius, we 
describe the circuftiference BEE\ the angular motion of 
the radius-vector about the pole A, may be measured by 
the arcs ot this circle, estimated from B. 

If we designate the radius-vector by w, and the measur- 
mg arc, estimated from B, by t, the relation between u 
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and ty may in general be expressed by the equation 

in which n depends on the laio according to which the 
generating point moves along the radius-vector, and a on 
the relation which exists between a given value of u and 
the corresponding value of t. 

190. When n is positive the spirals represented by the 
equation 

will pass through* the pole A. For, if we make ^ = 0, we 

shall have u = 0. 

But if n is negative, the equation will become 

a 
u = af^. or w = — -, 

in which we shall have 

w = 00 for ^ = 0, 
and M = for f = oo : 

hence, in this class of spirals, the first position of the 
generating point is at an infinite distance from the pole : 
the point will then approach the pole as the radius-vector 
revolves, and will only reach it after an infinite number of 
revolutions. 

191. If we make n = 1, the equation of the spiral be- 
comes 

If we designate two difierent radius-vectors by v! and 
tt", and the corresponding arcs by if and ^', we shall have 

u^ = a^, and u^' = ai!'^ 
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and consequently 



u^ \ u" w i! \ i!' \ 



that is, the radius-vectors are proportional to the measuf 
ing arcs, estimated from the point B. This spiral is 
called, the spiral of Archimedes. 

192. If we represent by unity the distance which the 

generating point moves along the radius-vector, during one 

revolution, the equation 

u = at, 
will become 

1 = at, or 

But since t is the circumference of a circle whose 
radius is unity, we shall have 

and consequently. 



ix— = t 
a 



1 = 2. 
a 



a = 



193. If the axis BD, of 
a semi-parabola BCD, be 
wrapped around the circum- 
ference of a circle of a 
given radius r, any abscissa, 
as Bh, will coincide with 
an equal arc BV, and any 
ordinate as ha, will take the 
direction of the normal AVa^. 
The curve Ba^cf, described 

through the extremities of the ordinates of the parabola, is 
called the parabolic spiral. 

The equation of this spiral is readily found, by observing 
that the squares of the lines Va', c d, &c., are propo^' 
tional to the abscissas or arcs BV, Be . 
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If we designate *he distances, estimated from the pole 
A, by w, we shall have l/af =zu — r: hence, 

is the equation of the parabolic spiral. 
If we suppose r = 0, the equation becomes 

u^ = 2pt. 

If we make n = — 1 , the general equation of spirals 
becomes 

u = ai""\ or ut = a. 

This spiral is called the hyperbolic spiral, because of the 
analogy which its equation bears to that of the hyperbola, 
when referred to its asymptotes. 

194. The relation between u and t is entirely arbitrary, 
and besides the relations expressed by the equation 

We may, if we please, make 

t = logz^. 

The spiral described by the extremity of the radius-vec- 
tor when this relation subsists, is called the logarithmic 
^iral. 

195. If in the equation of the hyperbolic spiral, we 
Dfiake successively, 

t = l, =1. =1. =i,&c.. 
2 3 4' ' 

^e shall have the corresponding values. 
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Through the 
pole A draw AD 
perpendicular to 
AjB, and make 
it equal to a : 
then tlirough D 
draw a parallel 
to AB. From 
any point of the 

spiral as P draw PM perpendicular to ABy we shall 
then have 

PM = usinMAP = usint. 

If we substitute for u its value — , we shall have 

t 




PM=a 



sint 

t 



sint 



Now as the arc t diminishes, the ratio of will ap- 
proach to unity, and the value of the ordinate PM will 
approach to a or CM: hence, the line DC approaches 
the curve and becomes tangent to it when ^ = 0. Bui 
when ^ = 0, w = 00 ; hence, the line DC is an asymptote 
of the curve. 

196. The arc which measures the angular motion of the 
radius-vector has been estimated from the right to the left, 
and the value of t regarded as positive. If we i evolve 
the radius-vector in a contrary direction, the measuring 
arc will be estimated from left to right, the sign of t will 
be changed to negative and a similar spiral will be d®' 
scribed. The line DC^ is an asymptote to the hyperbolic , 
spiral, corresponding to the negative value of t. 
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197. Let us now find a general value for the subtan- 
gent of any curve referred to polar co-ordinates. The 
subtangent is the projection of the tangent on a line 
drawn through the pole and perpendicular to the radius- 
vector passing through the point of contact. 

The equation of the curve may be written under the 
^orm 

in which we may suppose t the independent variable, and 
its first difierential constant. 

Let AO = l be the radius of 
the measuring circle, PT a, tan- 
gent to the curve at the point P, 
and A T drawn perpendicular to 
the radius-vector AP, the sub- > 

tangent. ' 

Take any other point of the 

curve as P\ and draw AP^, 

About the centre A describe the 

arc PQ, and draw the chord PQ. 

Draw also the secant PP^ and 

prolong it until it meets A 7^, 

drawn parallel to QP, at T. ^ ^ 

From the similar triangles QPP^, AT^P'y we have 

PQ : QP' :: AT : AF ; 




hence, 



QP^^AF 
PQ ""AT 



7' 



But when we pass to the limit, by supposing the point 
I^ to coincide with P, the secant T^PP^ will become the 
tangent PT, and AT will become the subtangent AT, 
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But under this supposition 
the arc NN^ will become equal 
to dtf the arc PQ to the chord 
PQ (Art. 128), AF to «, and 
the line QP^ to du. 



To find the value of the arc i 



PQ, we have 

1 : NN^ :: AP : arc PQ ; 

hence, 



1 : d^ : : w : arc PQ, 



and 



PQ = udt. 




Substituting these values, and passing to the limit, we 
have 

du 



u 



udt A T ' 



hence, we have the subtangent 



AT = 



uHt 
du 



198. If we find the value of w^ and du from the gen- 
eral equation of the spirals 



uz=arj 



we shall have 



Ar=— r 

n 



+1 
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In the spiral of Archimedes, we have 

n=:l, and a= — ; 

hence, AT= — . 

2^ 

If now we make ^ = 2«-= circumference of the mea- 
suring circle, we shall have 

AT =2^= circumference of measuring circle. 

After 771 revolutions, we shall have 

t = 27W9r, 

and consequently, 

AT = 2m^^ = m .2m^ ; 

that is, the subtangent, after m revolutions, is equal to 
Da times the circumference of the circle described with 
the radius-vector. This property was discovered by 
Archimedes. 

199. In the hyperbolic spiral n = — 1, and the value of 
the subtangent becomes 

that is, the subtangent is constant in the hyperbolic spiral. 

200. It may be remarked, that 

AT _udt 
AP '^ du 

expresses the tangent of the angle which the tangent makes 
^^it\x the radius-vector 
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In the logarithmic spiral, of which the equation is 

i=logtt, 

we have dt = A — ; 

u 

, AT udt . 

that is, in the logarithmic spiral, the angle formed by the 
tangent and the radius-vector passing through the point of 
contact, is constant ; and the tangent of the angle is equaX 
to the modulus of the system of logarithms. If t is ih^ 
Naperian logarithm of w, the angle will be equal to 45*^. 

201. The value of the tangent in a curve referred to 
polar co-ordinates, 



PT = \J Af ■\-AT^ = u\/\-\- 



uHe 



202. To find the differential of the arc, which we w":511 
represent by z, we have 

or, by substituting for QP^ and PQ their values, a^^ 
passing to the limit, we have 
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\ 



a 



V 



203. The differential of the 
area ADP when referred to the 
Dolar co-ordinates, is not an ele- 
mentary rectangle as when re- 
ferred to rectangular axes, but 
is the elementary sector APP^, 
The limit of the ratio of the 
sector APP^ with the arc NN\ 
will be the same as that of 
either of the sectors APQ^ 
kP^'P between which it is 
contained, with the same arc 
i\W. Hence, if we designate 
the area by 5, and pass to the limit, we shall have 




is _ APy.PQ 

dt "" 2NN' 



u 
2 



= — or 



d5 = 



uHt 



which is the differential of the area of any segment ol a 
spiral. 

Of Tangent Planes and Normal Lines to Surfaces, 



204. Let 



t^ = F(a?,y,2;) = 0, 



be the equation of a surface. 

If through any point of the surface two planes be passed 
intersecting the surface in two curves, and two straight 
lines be drawn respectively tangent to each of the curves, 
at their common point, the plane of these tangents will be 
tangent to the surface. 

205. Let us designate the co-ordinates of the point at 
which the plane is to be tangent by a/^, j/\ zl' , 
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Through this point let a plane be passed parallel to the 
co-oidinate plane YZ. This plane will intersect the 
furface in a curve. The equations of a straight line tan- 
gent to this curve, at the point vrhose co-ordinates are 
Qi!'yy"jzl\ are 

the first equation represents the projection of the tangent 
on the co-ordinate plane ZX^ and the second its projec- 
tion on the co-ordinate plane YZ (An. Geom. Bk. IX 
Art. 70). 

Through the same point let a plane be passed parallel to 
the co-ordinate plane ZX, and we shall have for the 
equations of a tangent to the curve 



dzf' 



dy 



The coefficient -^ represents the tangent of the angle 

which the projection of the first tangent on the co-ordinate 

plane YZ makes with the axis of Z ; and the coeflicient 

dec 

— represents the tangent of the angle which the projection 

\JuZ 

of the second tangent on the plane ZX makes with the 
axis of Z (An. Geom. Bk. VIII, Prop. II). 

But these coefficients may be expressed in functions of 
the sm*face and the co-ordinates of its points. For, we 
have 

and if we suppose x constant, we shall have (Art. 87) 

du = -rr-dy + -T-c?2: = 0: 
ay dz 
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du 

I dy dz 

Iience, -^ = __ -_ : 

dz du 

dy 

and if we suppose y constant, we shall finjl, in a similar 

manner, 

du 
dx dz 



dz du ' 

dx 

hence, the equation of the projection of the first tangent on 
the plane of YZ becoxnes 

du 
dz 

dy 

and the equation of the projection of the second tangent 
on the plane of ZX is 

du 

x^d'^---^{z--zl'\ 

du 

dx 

The equation of a plane passing through the point whose 
co-ordinates are d'y y^^, zl' is of the form 

A[x-^a!') + J5(y - y") + C{z^z!') = 0, 

Q 

in which— —will represent the tangent of the angle which 
the trace on the co-ordinate plane YZ makes with the 
axis of Z, and — p^he tangent of the angle which the 
trace on the plane of ZX makes with the axis of Z, 





du 


c 


dz 


B 


du' 




dy 




du 


C 


dz 


A~ 


~ du' 




dx 
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But since the tangents are respectively parallel to the 
co-ordinate planes YZ, ZX, their projections will be 
parallel to the traces of the tangent plane : therefore, 

du 

hence, — B= — -~- C ; 

du 

dz 

du 

dx ^ 

hence, — A = r— C. 

du 

dz 

Substituting these values of B and A in the equation 
of the plane, and reducing, we find 

(,_^0j + (-^')^H-(y-/')| = «. 

which is the equation of a tangent plane to a surface at a 
point of which the co-ordinates are a/', y'', i^^. 

206. A normal line to the surface being perpendicular 
to the tangent plane at the point of contact, its equations 
will be of the form 

du du ' 

dz dz 
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INTEGRAL CALCULUS. 



Integration of Differential Monomials. 

207. The Diflferential Calculus explains the method of 
finding the differential of a given function. The Integral 
Calculus is the reverse of this. It explains the method 
of finding the function which corresponds to a given 
diflferential. 

The rules for the differentiation of functions are explicit 
and direct. Those for determining the integral, or func- 
tion, from the diflferential expression, are less direct and 
are deduced by reversing the process by which we pass 
from the function to the diflferential. 

208. Let it be required, as a first example, to integrate 

*he expression. 

oTdx, 

We have found (Art. 32), that 

d(af»+^)=(7n + l)a:"(ir, 

whence, aTdx = —- = d{ — -- ) , 
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and consequently , 

♦ : the function of which the differential is a?" da?. 

The integration is indicated by placing the character / 

before the differential which is to be integrated. Thus, 

ve write 

^+1 



fx^dx = 



m + \' 



from which we deduce the following rule. 

To integrate a monomial of the form x"dx, augment 
the exponent of the variable hy unitj/, and divide by the 
exponent so increased and by the differential of the 
variable. 

209. The characteristic / signifies integral or sum. 

The word sum, was employed by those who first used the 

differential and integral calculus, and who regarded the 

integral of 

x'^dx 

as the sum of all the products which arise by multiplymg 
the 771th power of x, for all values of a?, by the con 

stant dx. 

dec 

210. Let it be required to integrate the expression -j. 

We have, from the last rule. 







fdxx~^ = - 


a:-'*' 


x'^ 
-2 


1 




-3 + 1 


2ar* 


In 


a similar 


manner, we 


find 








fdxy/^=Jx^dx. 


2 

a7» 


5 

a?«* 
5 
3 


8 

3af» 




!+■ 


6 • 
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211. It has been shown (Art^ 22), that the differential 
of the product of a variable multiplied by a constant, is 
equal to the constant multiplied by the differential of the 
variable. Hence, we may conclude that, the integral of 
the product of a differential by a constant, is equal to the 
constant multiplied by the integral of the differential: 
that is, 

faoTdx = afoTdx = a 



m + \ 



Hence, if the expression to be integrated have one or 
more constant factors, they may be placed as factors with- 
out the sign of the integral, 

212. It has also been shown (Art. 22), that every con- 
stant quantity connected with the variable by the sign 
dIus or minus, will disappear in the differentiation ; and 
hence, the differential of a + a?"*, is the same as that of 
iT ; viz. mcf*'~^dx. Consequently, the same differential 
may answer to several integral fimctions differing from 
each other in the value of the constant term. 

In passing, therefore, from the differential to the integral 
or function, we must annex to the first integral obtained, 
a constant term, and then find such a value for this term 
as will characterize the particular integral sought. 

For example (Art. 94), 

-~ = a, or dy=: adxy 
ax 

is the differential equation of every straight line which 

makes with the axis of abscissas an angle whose tangent 

IS a. Integrating this expression, we have 

13 
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fdy^afdx. 


or 


y = ax, 


or finally, 


y = ax + C. 



If now, the required line is to pass through the origiP 
of co-ordinates, we shall have, for 

x = 0, y = 0, and consequently, C = 0. 

But if it be required that the line shall intersect the axis 
of y at a distance from the origin equal to + 6, we shall 
have, for 

x = 0, y = + fc, and consequently, C = + 6 ; 
and the true integral will be 

If, on the contrary, it were required that the right line 
should intersect the axis of ordinates below the origin, we 
should have, for 

a; = 0, y = — b, and consequently, C =» — 6 ; 

and the true integral would be 

y = aa: — 6. 
213. It has been shown (Art 95), that 

xdx + ydy = 

is the differential equation of the circumference of a circle 
By taking the integral, we have 

f xdx+fydy=iQj or a:*+y* = 0, 

or finally, a!' + f-\'C^O. 
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If it be required that this integral shall represent a given 
circumference, of which the radius is iJ, we shall have, 
by makmg 

and hence, C = — iJ* ; 

ajid consequently the true integral is 

a? + y^-.B?=zO, or cs^ + y^z=R\ 

The constant C, which is annexed to the first integral 
Ihat is obtained, is called an arbitrary constant^ because 
such a value is to be attributed to it as will cause the 
x-equired integral to fulfil given conditions, which may be 
imposed on it at pleasure. 

The value of the constant must be suchj^ as to render 
^he equation true for every value which can be attributed 
To the variables. 

214. There is one case to which the formula of Art. 208 
does not apply. It is that in which m = — 1. Under this 
supposition, 

•^ ""m + l""-l + l~"0""0""^* 

But when m = — 1, 

faf'dx=:fx'^dx= f — , 

.ffld f— = logx+C. (Art. 57). 

•/ X 

215. Since the differential of a function composed of 
several terms, is equal to the sum or difference of the diffe- 
rentials (Art. 27), it follows that the integral of a differen- 



194 ELEMENTS OF THE 

tial expression, composed of several terms, is equal to the 
sum or difference of the integrals taken separately. For 
example, if 

du=adx — -5- + a?V^^> we have 

Or 

fdu =f{adx 3-+ ^ V^oUx), and 

216. Every polynomial of the form 

{a + bx+ CO? + &c.)"c£r, 

in which n is a positive and whole number, may be inte- 
grated by the rule for monomials, by first raising the poly- 
nomial to the power indicated by the exponent, and then 
multiplying each term by dx. 

If, for example, we make n = 2, and employ but two 
terms, we have 

/(a + bxYdx =f{d?dx + 2abxdx + l?c?dx)j 

= cPx + ahoi? + -— - + C 



Integration of Particular Binomials. 

217. If we have a binomial of the form 

du = {a + hx''Yx'"~^dx\ 

that is, in which the exponent of the variable without the 
parenthesis is less by unity than the eocponent of the vari- 
able within^ we may make 
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a^haf^ = z, which give- 

nbaf'^dx = dzy or a?""*(ir=: -7-; 

no 

whence dtt = 2"'-4t or w = 



n6* {m+l)nb^ 

and consequently 

{m+ \)nh 

Hence, the integral of the above form, is equal to the hino^ 
mial factor with its exponent augmented by unity, divided 
by the exponent so increased, into the exponent of the vari* 
able within the parenthesis into the coefficient of the 
variable. 

For example, 

/(a + 3^)' xdx = (f±i^ + C; and 
•'^ ^ 4.2.3 ' 

f{a + bc^y mxdx = ^(a + bx'y + C. 

218. A transformation similar to that of the last article 
will enable us to integrate certain differentials correspond- 
ing to logarithmic functions. If we have an expression of 
the form 

adx 



du = 



c + bx 



dz 
make c + bx=zZf which gives da? = -r-, and by sub- 
stituting, we have 

/adx Cadz a Cdz a , , ^ 
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and by substituting for z its value 
In a similar manner, we should find 



/: 



= ~ -T-log(a — hxi + C, 



c—hx b 

in which the integral is negative, since d(— a?) = — dx. 

We can find, in a similar manner, the integral of every 
fraction of which the nwnerator is equal to the differential 
of the denominator^ or equal to that differential multiplied 
by a constant. 

If, for example, we have 

, __ (i + 2ca?) mdx ^ 
a + bx + ca? 

make a + bx + ca?z=z, which gives, bdx + 2cxdx = dz, 

and hence, 

_ mdz 

au = y or u = m\ogZy 

z 

and by substituting for z its value 

u = mlog(a + bx + CO?), 

Of Differentials whose Integrals are expressed hy 
I the Circular Functions, 

219. We have seen, Art. 71, that if x designates an arc 
and u the sine, to the radius unity, we shall have 

, du 

ax= , ;. 
Vl-w2 
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or adopting the notation of Art. 72, 

If the arc expressed in the second member of the equa- 
tion be estimated firom the beginning of the first quadrant, 
the sine will be 0, when the arc is 0, and we shall have, 

for u = 

du 



I 



= 0, and consequently C = 0, 



and under this supposition, the entire integral is 

du 



I 



vr=^ 



= sin-^M. 



To give an example, showing the use of the arbitrary 
constant, let us suppose that the arc which is to be ex- 
pressed by the second member of the equation, is to be 
estimated from the beginning of the second quadrant. This 
supposition will render 

du 



I 



Vi-w^ 



= for w=l. 



But when m = 1, sin^^w = — tt ; hence, 

2 

-i.ir + C = 0, or C=--^5r: 
2 ' 2 

and we have, for the entire integral, under this supposition, 



h 



du . _i 1 

= sm u — r-T. 



Vl-w^ 2 
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220. It frequenily happens that wc have expressions to 
integrate of the form 

dz 

Let us suppose, for a moment, that a is the radius of a 
circle, and z the sine of any arc of the circle ; and that u 
is the sine of an arc containing an equal number of degrees 
in a circle whose radius is unity : we shall then have, 



hence. 



w = 



\ 1 u : : a : z; 

— , and ow = — ; 
a a 



and consequently. 



du 



/du __ /• 



dz 
a 



v/:-£ 



a" -J 



dz 



/az 



du 



dz 



, r au ^ az - i z 

hence, I , = / , =sm"" — : 

the arc being still taken in a circle whose radius is unity. 

221. We have seen (Art. 71), that if x designates an 
arc, and u the cosine, to the radius unity, we shall have 

du 



da?= •— 



hence. 



/- 



du 



VT=^2 



Vl-u^' 



= x + C; 



or adopting the notation of Art. 72, 



du 



S 7== = C0S'^*M+ C. 
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If the arc be estimated from the beginning of the first 

quadrant, it will be equal to — »• for u = 0; hence, the 

2 1 

first member of the equation becomes equal to — ?r when 

1 ^ 
w = 0. But under this supposition, cos~^m= — jt : hence, 

C = 0, and the entire integral is 

/ 7== = cos U. 

222. By a method analogous to that of Art. 220, we 
should find 

/dz -\ ^ 
7 = cos — , 

the arc being estimated to the radius unity. 

223. We have seen (Art. 71), that if x represents an 
arc, and u its tangent, to the radius unity, we have 

7 du 

hence, / -- — s = x + C: 

J l + vr 

or, adopting the notation of Art. 72, 

du 



f 



1 + tt- 



= tang"" tt + C 



If the arc is estimated from the beginning of the first 
quadrant, we shall have 

/du 
5 = ; hence, C = 0, 
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and the entire integral is 



/ 



--1, 



du 
5 = tanff~*M. 



224. To integrate expressions of the form 

dz 

let us suppose for a moment that a is the radius of a circle, 

and z the tangent of any arc, and that u is the tan£rent 

of an arc containing an equal number of degrees in a circ'.e 

whose radius is unity : we shall then have, as in 

(Art. 220), 

I : u : : a : z ; 

hence, u = — , u^=z~--- and du= — , 

a or a 

and consequently, 

/du r dz . z 



hence, by dividing by a, 



/; 



= — tang-'— , 



c^ + 2?' a ° a 

the arc being estimated to the radius unity. 

225. We have seen (Art. 71), that if x lepresents an 
arc, and u the versed-sine, to the radius of unity, we have 

du 



dx=: 



V2w — M^' 



I r du • -1 . ^ 

hence, i , — a? = ver-sm « + C: 



J ^^u — u^ 
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and if the arc is estimated from the beginning of the first 
quadranty C = Oy and we shall have 



/ 



du . _i 

= ver-sm u. 



V2w — tt* 

226. To integrate an expression of the form 

dz 



du r dz • 1 2r 

= ver-sm"'* — 



V2az-'Z^' 

Suppose, as before, a to be the radius of a circle, and 
we shall have (Art. 220), 

u = — , du = — ; 
a a 

and consequently, 

/du _ / * dz __ 
V2u-u^'~J V2az-r^~" 

to the radius unity. 

Integration hy Series. 

227. Every expression of the form 

Xdxj ^ 

in which X is such a function of a?, that it can be developed 
in the powers of a?, may be integrated by series. 
For, let us suppose 

X=Aa!' + Bx^+Caf + Dx* + &c., then, 
Xdx = Aafdx + BaJ'dx + Cx'dx + Dx^da: + &c., 

a+1 6+1 c+1 d+\ 
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Hence, the integration by series is eflfected by develop- 
ing the function X in the powers of x, multiplying the 
series by dx, and then integrating the terms separately. 

Let us take, as a first example, , 

a + x 

dx y 1 7 X . X-l 



= dxx = dx{a + a?)~ . 



a + x a + x 

(a + a7)-* = ^--J + -j- — + &C.; 
a or a a 

and consequently, 

/dx /*/ 1 , xdx a?dx o?dx . e * 
a + x J \a a a"* a* / 

and integrating each term separately, we obtain 

/ax X Cu (XT x^ Q . g^ 
M^ = T"2^2 + 3^"'4^"*"'^''-"^^' 

/dx 
r= log (a + x) (Art. 218), 
a -\- X 

we have 

^)f% ^1t*^ O"^^ IT'" 

log(a + a?) = + - +.&C.+ C. 

° a 2a^ 3a^ 4a* 

To determine the value of the constant, make a?=0, 
which gives 

log a = + C, or C = log a ; hence, 
log(a + a;) = loga + -^-^, + ^-^+ &c, 

\i i/ X \ X a? c? m 

log(a+a.)-loga=log(l+-) = --— , + ^-&c, 

a result which agrees with the development in Art. 68, 
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dx 
228. Let us take, for a second example -j 

1 ~T~ or 

We have, ^ ^ „ = da:(l + c^y"^ ; 

1 + ar 

and by developing and integrating, 



/, 



dx cxf . ixr X 



.7 

= a? — ^ + ^ — ^ + &c. + C. 



1 + ic^ 3 5 7 

When we make a? = 0, the arc is ; hence. 



tang"*ar=: a?~ — + — - — + &c.; 

o o 7 



a result which corresponds with that of Art. 78. 

229. If, in the expression — , we place o? in the 

first term of the binomial, and then develop the binomial 
a?^+l, we obtain 

and by integrating, we have 

To find the value of the constant C, let us make the 
arc = 90° = -«•. This supposition will render the tan- 
gent X infinite, and consequently every term of the scries 
will become 0, and the equation will give 

i*.5r=0+C, or C = — «■. 
2 2 
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Making tliis substitution, we have, for the true integral, 



/; 



«ir . _, 1 1,1 1 , , 

^^ = tang :r = -,-- + 3^-g-54-&c. 



230. The two series, found from the expressions -j 

dx . ^"^^ 

and -^ , are, as they should be, essentially the same. 

OCT -J" 1 

For, the tangent of an arc multiplied by its cotangent, 
IS equal to radius square or unity (Trig. Art. XVIII). 

Hence, if we substitute for x, in the first series, -, we 
shall have, for the complemental arc, 

and subtracting both members from -sr, 

At 

1 ,_,!,_, 1 1,1 1 , . 

-,-tang - = lang a. = -. -_+ ^- ^+&c 

231. We have found (Art. 71), 

sin~'aj = / , = ( 1 — a^T'dx; 

J ^/l-a? 

and by developing, we find 

multiplying by dx^ and integrating, we obtain, 



. _, __ ^\a? \_ ^^ , 1 _3_ Sir*^ 

2 3 "^ 2*4 5 '^"2'4'6T"^ ""• 



3in ^x = x-\ h 
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tJj^ constant being when the arc is estimated from the 
beginning of the first quadrant. 

If we take the arc of 30°, the sine of which is equal 
to half the radius (Trig. Art. XIV), we shall have 

. _i.^Q 1,111,1311,13511- 

2 2 3 2^ 2 4 5 2^ 2 4 6 ,7 2^ * 

hence, 

^ ' -loAo ^/l 111 1.3.1.1 1.3.5.1.1 . - \ 

V2^2.3.2^^2.4.5.2^^2.4.6.7.2^ / 

and by taking the first ten terms of the series, we find 

5r=: 3. 1415962, 

which is true to the last decimal figure, which should be 5. 
232. We will add a few more examples. 

1. To integrate the expression \ 

Vx — a? 

By making Vlc=:u, we have 

dx dx 2du 



-y x-^o? Vic V \—x V 1 — w^' 

But from the last series 

C 2du ^[ , 1^3 1 3z^* 1 3 5w'' , - \ , ^ 

J Vl-w^ \2 3^2452467 / 

hence 

Vx — a? ^ 23 24 5 2467 /^ 

1 i / a?\' 

2, <toV 2ax--x^ = (2aVa?« ctrf 1 )«. 

N 2a/ 
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But 

\ 2aJ 2 2a 2 ' 4 40^ 2.4.6 9(r» '' 

hence 

1 1 



8 



.— .— .-^-^-r— &c.')-/2a+ C: 

2 4 6 9 8a^ / ^ 

and consequently 

rj n. 3 /l 11a? 1 1 1 a^ 



v3 2 ' 5 2a 2*4* 7 4a* 

. — .— .----^— &c. )2a?V2aj?+ C. 

2 4 6 9 Sa-' / ^ 

If the radius of a circle be represented by a, and the 
origin of co-ordinates be placed in the circumference, the 
equation will be (An. Geom. Bk. Ill, Prop. I, Sch. 3), 

y^=-2ax'-a?; hence y = ^2ax — a:^f 
and consequently (Art. 130) 



dx V 2ax — a^ = ydx 

is the differential of a circular segment. 

If we estimate the area from the origin, where a? = 0, 
we shall have C = 0. If then we make a? = a, the series 
will give the area of one quarter of the circle, if we maivO 
«? = 2a, of the semicircle. 

J Vr+^ 2 3^2.45 2.4.67^ ^ 
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. C ^ _ 1 1.3 1.3.5 « , 



Integration of Differential Binomials. 

234. Differential binomials may be represented under 
the general form 

m which, without affecting the generality of the expres- 
sion, m and n may be regarded as entire numbers, and n 
as positive. 

For, if m and n were fractional, and the binomial of 
the form 

1 i £ 

make a? = 2^, that is, make the exponent of z the least 
common multiple of the denominators of the exponents 
of a?, and we shall then have 

o^dx{a + hx^y = 62r^dz(a + hz^Y, 

in which the exponents of the variable are entire 
If n were negative, we should have, 

and by making a? = — . we should obtain 



9 



the same form as before. 

14 
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Furthermore, the binomial 
may be reduced to the form 

by dividing the binomial within the parenthesis by afy anA 

multiplying the factor without by a? « . 

235. Let us now determine the cases in which th^ 

binomial af^''^dx{a + 5a?")« has an exact integral. 
Make a + ia?** = jz;* ; we shall then have 

m 

and by differentiating, 
hence 



*-i 



no \ b / 



which will have an exact integral in algebraic terms when 

— is a whole number and positive (Art. 216). If — is 
n n 

negative see Art. 260. 

* Hence, every differential binomial has an exact inte- 
gral, lohen the exponent of the variable without the paren 
thesis augmented by unity, is exactly divisible by thv 
exponent of the variable within. 
Thus, for example, the expression 



p 



xHx^a + bo^y 
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has an exact integral. For, by comparing it widxtha 
general binomial, we find 

m = 6, 71 = 2, and consequently, — = 3, 

n 

and the transformed binomial becomes 



i—H^)'- 



236. There is yet another case in which the binomial 

^''^doc{a+baf)'' has an exact integral. 

If we multiply and divide the quantity within the paren 
thesis by ^, we have 

^dx{a + bafy =a?""*c?a?[(aa?"" + b)ar'^ 



»j» 



= 0D ' da:(aa?"^ +6)', 

Now, if we add unity to the exponent of a? without the 
parenthesis, and divide by — n, the quotient will be 

— ( H— )> and the expression will have an exact 

integral when this quotient is a whole number (Art. 235). 

Hence, every differential binomial has an exact integral, 
when the exponent of the variable without the parenthesis 
augmented by unity and divided by the exponent of the 
variable within the parenthesis, plus the eocponent of the 
parenthesis, is an entire number. 

237. The integration of differential binomials is eflfected 
by resolving them into two parts, of which one at least liaa 
a known integral. 

We have seen (Art. 28) that 

d{uv) = udv -f vdu, 



SIO XLSMENT8 OF THS 

whence, by mtegrating, 

uv =fudv +fvdUf 
and, consequently, 

fudv = uv —fvdu. 

Hence, if we have a differential of the form Xdx, m 
which the function X may be decomposed into two factors 
P and Q, of which one of them, Qdx, can be integrated, 
we shall have, by making / Qdx = v and P = u, 

fPQdx = Pv--fvdP, 

in which it is only required to integrate the term fvdP, 

238. To abridge the results, let us write p for —, in 

which case p will represent a fraction, and the differential 
binomial will take the form , 

oT-^dxia + bary. 

If now, we multiply by the two factors a?" and a?""", the 
value will not be affected> and we obtain 

ar"'x'*-'dx{a + bxy. 

Now, the factor ar''^dx{a + baf'y is integrable, whatever 
be the value of p (Art. 217) ; and representing this factor 
by dv, we have 

{a+bary*' , _.. 

V = ^^ — , and u = ar \ 

{p + l)nb' «"^ ^ ^ ' 

and, consequently, ' 

foT'^dxia + lory = 
2^-"(a + 5a:^)'*^ m--n 



{p^\)nb (p+i)n6 



-/a?"-"-'Ar(a + &ir)'*V 
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But, faT^'^-'dxia + baf'y*'' == 

far'''''dx{a + bar)" {a + boT) = 
afar'"''^dx{a + baT)' + bfar-'dx{a + baT)" ; 

substituting this last value in the preceding equation, and 
collecting the terms containing the integral 

far-'dxia + bx^yy 
we have 



0+T5Tr)^V^"'"^^(^+'^)'= 



(p+i> 

ar'^ja + bxy*' - a{m - n)fx'^-''-'dx{a + bxY , 

(p+l)/i6 • 

whence, 

formula (A.) foir''^dx{a + bary=z 

a?"""(a + bary'^'' - a{m - n)far-'*-^dx{a + ba^y 

b{pn + m) 

This formula reduces the differential binomial 

far''dx{a + 6a:")' to that of J aT"'''^ dx{a + bapy ; 

and by a similar process we should find 

far'-^'^dx{a'^bapy \o depend on J aT''''"'^ dx{a + ba^Y \ 

and consequently, each process diminishes the exponent 
of the variable without the parenthesis by the exponent 
of the variable within. 

After the second integration, the factor m — Ttj of the 
second term, will become m — 2n\ and after the third, 
m — 372, &c. If m is a multiple of n, the factor ^ — n, 
m — 2;i, m — 3w, &c., will finally become equal to 0, and 
then the differential into which it is multiplied will disap- 
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pear, and the given differential will have an exact integral 
which corresponds with the result of Art. 235. 

239. Let us now determine a formula for diminishing 
the exponent of the parenthesis. 
We have 

far^^dx{a + bary =z f aT"^ dx{a + bxy\a + boT) = 
afaT-^dx^a + 6^)"-' + bfar'^'"-'dx{a + bary\ 

Applying formula (A) to the second term, by placin 
m + n for tw, and p — 1 for p, we have 

far *''''' dx{a + bx'')^'=^ 

x'^ja + bary - amfx'^-'dx{a + bary-^ 

b{pn + m) 

Substituting this value in the last equation, we have 

formula (B) faT'^dx^a + 6a^)'=: 

.r"(g + bx'^y +pnafar-^dx{a + bafy"^ 

pn + m * 

which diminishes the exponent of the parenthesis by unity 
for each integration. 

240. By means of formulas (A) and (B), we reduce 

fx'^-^dx{a + bx'*y to /a^-'"-'(ic(a + 6a?^)'— ; 

rn being the greatest multiple of n which can be taken 
from 771—1, and s the greatest whole number which can 
be subtracted from p. 

For example, Jx^dx{a + ba?y is reduced, by formula 
(A), to 

L ' 

fa^dxia + ba?Yy and then to J xdx{a + ba?)^: 
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and by formula (B) fxdx{a + bapy, reduces to 

1 1 

fxdx{a + ba?y, and finally to fxd^{a + ba?)^, 

241. It is evident that formulas (A) and (B) will only 
diminish the exponents tti — 1 and p, when m and p are 
positive. We will now determine two formulas for dimin- 
isiiing these exponents when they are negative. 

We find from formula (A) 

a?^-""(fl + bary+' - b{m + np)far-\dx{a + baf^y ^ 

and placing for m, —m + n, we have 

formula (C) /a?""-"<&(a + 6a;»)' = 

f"(g + bary-^"^ + 6(771 - n - np)fx'"^+'"'dx(a + boTy 

— am 

in which formula, it should be remembered that the nega- 
tive sign has been attributed to the exponent m. 

242. To find the formula for diminishing the exponent 
of the parenthesis when it is negative. 
We find, from formula (B), 

far'''dx{a + bafy'''=: 

ar{a + bx'^y — (m + np) f x'^-'^ dx{a + bary 

pna 

writing for jp, — p + 1, we have 

formula (D) . . foT'^J^^a + baf^y = 

ar{a + bocry-^'' -^{m + n- np)Jar''^dx(a + fcaf )-^-^' 

{p — \)'na 
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I'his formula docs not apply to the case in which p = l. 
Under this supposition, the second member becomes infi- 
nite, and the differential becomes that of a transcendental 
function. 

243. It is sometimes convenient to leave the variable in 
ooth terms of the binomial. We shall therefore determine 
a particular formula for integrating the binomial 



V2aa? — ar*' 

This binomial may be placed under the form 

— i. i. 

fx *(ir(2a — a?) *, 

and if we apply formula (A), after making 

w = 5+— , n=l, p=-— , a = 2a, 6=-.l, 



we shall have 



•-1 1 

fx 2cZa?(2a-a?)*"«=: 



1 1 

q q ^ V ; . 

and if we observe that 

X ^ =X X^ X '^=X X ^f 

and pass the fractional powers of x within the parentheses 
we shall have 

formula (E) / —r - ' -- 

J y%ax — o? 



a?^"V2a.T — 0^ , (2y-l )g /" a7'"^ 
q + -q 



r___^dx_ 
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which diminishes the exponent of the variable without the 
parenthesis by unity. If j is a positive and entire num- 
ber, we shall have, after q reductions 

k = ver-sin-^— . (Art. 226). 

Integration of Rational Fractions. ^ 

244. Every rational fraction may be written under the 

form 

P a?^"' + Q a?""" ^ -Rx^r^ j 

Far + Qoc""-' -\-Rx-\-S' ^' 

in which the exponent of the highest power of the varia- 
We in the numerator, is less by unity than in the denomi- 
nator. For, if the greatest exponent in the numerator was 
equal to or exceeded the greatest exponent in the denomi- 
nator, the division might be madci, giving one or more 
entire terms for a quotient and a remainder, in which tlie 
exponent of the leading letter would be less by at least 
^nity, than the exponent of the leading letter in the divisor. 
The entire terms could then be integrated, and there 
Would remain the fraction imder the above form. 

Place the denominator of the fraction equal to : that 
is, make 

PV+ QaT"'^ R^x+S^=zO, 

and let us also suppose that we have found the n buiomial 
factors into which it may be resolved (Alg. Art. 264). 
These factors will be of the form x^-a, a? — 6, x^c 
a? — d, &c. Now there are three cases : 
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Ist. When the roots of the equation aie real and 
unequal. 

2d. When they are real and equal. 
3d. When there are imaginary factors. 
We will consider these cases in succession. 

1st. \Vlien the roots are real and unequal. 

adx 



245. Let us take, as a first example, 



By decomposing the denominator into its factors, we 
have 

adx ^ adx 

and we may make 

adx _^( ^ I -^ \ ^ 

(a? — a)(a? + a) \a? — a x + a) ' 

in which A and B are constants, whose values are yet to 
be determined. In order to determine these constants, 
let us reduce the terms of the second member of the 
equation to a common denominator ; we shall then have 

adx {Ax-\- Aa-\- Bx — Ba) dx 



(a? — a) (07 + a) {x — a){x + a) 

In comparing the two members of the equation, we find 

a = Ax + Aa-{- Bx — Ba ; 
or by arranging with reference to x, 

(A + B)x + (A - 5 - l)a = 0. 
But, since this equation is true for all values of x, the 
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coefficients must be separately equal to (Alg. Ait. 208) 

hence 

A + B = 0, and (A- JB- l)a = 0, 
which gives 

Substituting these values for A and B, we obtain 

adx -^dx -^dx 

a^-^a^ x — a x + a* 

and integrating, we find (Art. 218) 

/^^ = Ylog(^ - «) - ^Hi^ + a) + C, 
^nd, consequently, • 

246. Let us take, as a second example, -^ ^dx. 

^ a^x — or 

The factors of the denominator are x and a^ — a?; but 

c? — - a?^ = (a + a?) (a — a?) : 

hence, the given fraction becomes 

c^ + ba? 



x{a — x){a + x) 
Let us now make 



dx. 



c? + hc? A ^ B ^ C 



a:(a — a?) (a + a?) x a — x a + x 
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reducing the terms of the second member to a comn 
denominator, we have 

a^ + ba^ Aa^-'Aal^+Bax + Bar^+Cax^Cx 



and, comparing the like powers of x (Alg. Art. 208), 

JJ-A_-C = 6, J?a+Ca = 0, Ac?=:(j?. 
From these equations, we find 

' 2 ' 2 ' 

and substituting these values, we obtain 

cP + hx^ J dx , a + b J a + b , 

-5 -^ax = a h -ax — ---, r-dx ; 

drx — ar x 2(a — a?) 2(a + a?) 

and integrating (Art. 218), 

/•a^ + ia? , , a + b. . . 

g— log(a + a?)+C 

n -X- h 

= aloga? _[log(a - a?) + log(a + a?)] + C 

= a log a? ^— log(a --x){a + x)+C 

= aloga? ^r— log(G? ''aF)-{-C 



— aloga? — (a + 6) log -y/a^ -.a?^C. 

247. Let us take, for a third example, -s — c 

^ ' ar»-6ar+8 
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Resolving the denominator into the two binomial factors 
(Alg. Art. 142), (a? — 2), (a? — 4), we have 

H -, hence 



a^-^dx + S x — 2 a? — 4 

a? — 6ar+8~ a^-6x + 8 ' 

aud by comparing the coefficients of x, we have 
-6=-4A-2jB, S = A + B, 
^hich gives 

^^d substituting these values, we have 
*/ic^-6a? + 8 2*/a:~22Ja?-4 



= ^log(^-4)-|-log(a?-2)+C 



248. Let us take, as a last example, 

xdx 
aj^ + 4aa? — i^' 

Resolving the equation 

a? + 4ap-62_Q^ 

'We find 

a?=:-2a + V4fl?+6^, a?= -2a- -v/4^T^» 
and consequently, for the product of the factors, 

(x+2a+ V^^+^) (a?+2a- V4^+^)=a?''+4aa?-V 



-V 
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To simplify the work, represent the roots by — JT and 
— JL, and tlie factors will then be 

and we shall have 

X A.J?, 

7 -I =- : hence 



c^ + ^ax — ti^ x + K x + L 

X. _ Ax-{-AL + Bx ^ BK 

a!^-\-^ax — i/^ a?-\-^aX'-b^ 

whence, 

i4L + 5/f = 0, A + B=zl, 

and, consequently, 



K-L' ~ K-L 

hence, 



/: 



"^^"^ ^^ log(a:+7Q--^log(a?+i)+C. 



249. In general, to integrate a rational fraction of the 
form 

x"" + Q'x^-' +Kx+S^ 

1st. Resolve the fraction into m partial fractions^ of 
which the numerators shall be constants, and the denomi- 
nators factors of the deno?ninator of the given fraction, 

2d. Find the values of the nvmeratoi s of the partial 
fractions, and 7nultiphj each by dx. 
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3d. Integrate each partial fraction separate!]/^ and the 
mm of the integi'als thus found will be the integral 
sought. 

250. The method which has just been explained, will 
require some modification when any of the roots of the 
denominator are equal to each other. When the roots are 
unequal, the fraction may be placed under the form 



{x — a) (a? — b) {x — c) {x — d) {x — e) 
ABODE 

+ r + + > + 



a? — a x—b x — c x—d x — e^ 

if several of these roots are equal, as for example, 
a=:b = c, the last equation will become 

Pai'+QaP+Scc. _A + B-hC . D , E 



{cc — af(x — d){x^e) x^a x^d x—e 

^A which A + jB + C may be represented by a single con- 
stant A'. 

Now, in reducing the second member of the equation to 
<^ common denominator with the first, and comparing the 
coeflScients of the like powers of x^ we shall have five 
Equations of condition between three arbitrary constants, 
-4', i), and E : hence, these equations will be incompati- 
Me with each other (Alg. Art. 103). 

If, however, instead of adding the three partial fractions 

ABC 



x — a* a? — a' x — a* 



which have the same denominator, we go through the 
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process of reducing ihem to one, their sum may be placed 
imdcr the form 

{x - af ' 

or, by omitting the accents, 

A + Bx+Cx^ 
{x - af • 

251. Let us now make 

X — a = z, and consequently, x = z + a; 
we shall then have 

A-{-Bx-i-Ca? A + Ba-^Ca^-^Bz-^^Caz-^ Cz" 



{x - af 


z' 




A + Ba+Ca' , B + 2Ca , C. 

Z^ z^ z 



substituting for z its value, and representing the numera- 
tors by single constants, we have 

A + Bx+Ca? A' ^ W ^ a 

+ 7 ^ + 



(a? — of [x — df (x—af a? — a ' 

the form under which the fraction may be written. 

Since the same reasoning will apply to the case iu 
which there are m equal factors, we conclude that 

Pa?"*-' + Qa?""' +Rx+S _ 

A A! A'' A''...' 

+ 7Z1 TTIinri +7"; ^\m-2 • • • • "r 



(iP — a)* ' (a? — a)"*-' {x — ay^^ x—a 

252. In order, therefore, to integrate the fraction 

(x — of {x — d) (x — e) ' 
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place it equal to 



A A' . A'' . D . E 



+ 7— -:x5 + r-:: + 7— 7y + 



{x — af {x — af x — a x — d x—e* 

then, reducing to a common denominator, and comparing 
the coefficients of the hke powers of x, we find the values 
of the numerators of the partial fractions. MuUiplying 
each by dx, and tlic given fraction may be written under 
the form 

(lx+ vi "^^ \dx-\ .dx-\ cLx. 



(a;— a)^ {x—a)'^ {x—a) x—d x — e 

The first two fractions may be integrated by the method 
of Art. 217, and the three last by logarithms. Hence, finally, 



/ 



P x'-\-QaP-\-Rx ^ -hSx-\-T ^^ A_ A^_ 

{x — ay'^{x — d){x — e) 2{x — aY x—a 

+ A^^\og{x -a) + D\og{x -d) + Elog{x - e) + C. 

253. Let it be required to integrate the fraction 

2 ax 



■f 



i^ + af 
We have 



(ir. 



2a^ A , A^ 

-:;-r 



(j? + a)^ {x-{-a)'^ x + a^ 

reducing the fractions of the second member to a common 
denominator, and comparing the coefiicients of x in I he 
two members, we have 

2a = A^ and A + A^a=zO: 

hence, 

A = — 2a\ and A^ = 2a ; 

15 
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and| consequently, 

2axdx 2€?dx 2adx 

+ 



• 



hence, (Arts. 217 & 218), 

2axdx 2a' 



/i 



(x^-^-ay x + a 
254. Let us find the integral of 

a?dx 



+ 2alog(a?4-a). 



ar^ — ax^ — a^x -f a^' 



By placing the denominator equal to 0, we see that, by 
making a? = a, the terms will destroy each other : hence, a 
is a root of the equation, and x—a a, factor. Dividing by 
a? — a, the quotient is o? — (j?\ hence, the fraction may be 
placed under the form 

o?ix o?dx 

{p? — a^) (x^a)~ (x-\- a){x — a){x — a) 

_ x^dx 

{x — aY{x + a)' 

Let us now make 

x" A , A' , jB 

+ "7 r + 



(x — aY{x-^a) {x^aY {x — a) x + a' 

Reducing the terms of the second member to a common 
denominator, wc have 

a? ^ A{x + a) + A'{aP -a") + B {x ~ af , 

(a:-a)^(a: + a)~~ {x - aY {x -{- a) ' 

and developing, and comparing ihu roeffir rents of the like 
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powers of*x, we obtain the equations 

A' + jB=1, il-2J?a = 0, Aa-AV + J?a' = a 

Multiplying the first equation by* a^ and adding it to tlie 
iliird, we have 

then multiplying the second by a, and adding it to the last, 
we have 

o^ = 2Aa, and consequently, A=—a; 

substituting this value of il, we find 

5 = i- and A'^%. 
4 4 

j 

Substituting these values of A^ A'y and J5, we have 
o?dx adx Sdx dx 

+ "77 T'T 



[ai--aY{x + a) 2(a?--a)2 4(a?-a) 4(a? + a)' 
^'Jd consequently, 

+ -j\og{pe + a) -\r C. 

265. We can integrate, in a simil^ir manner, when the 
denominator contains sets of equal roots. Let ub take, as 
^^ example, 

adx _ adx 
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Make 

reducing the second member to a common denominator, 
we find the numerator equal to 

Aix+lf+AXx-^lXx+lf+Bix-^lf+BXco+lX^-lfi 

and comparing the coefficients with those of the numera- 
tor of the first member, we have the following equations : 

A' + B' = 0, 
A'+A'+ J?-J?' = 0, 
2A -A^~2jB-J?^ = 0, 
A -A'+ B + B' = a. 

Combining the first and third equations, we find A=zB; 
and combining the second and fourth, gives 2 A + 25 = a: 
hence, we have 

4 4 4 

consequently, the given differential becomes 

\ r dx dx dx dx "^ 

T L(a?- 1)2 "^(0^+1)2"" ^31"^ ^+TJ' 

and by integrating, 

256. If an equation of the second degree has imaginary 
roots, the quantity under the radical sign will be essentiallj 
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negative (Alg. Art. 144), and the rofots will be of the form 

x=z qpa + b'^— 1, x= ^pa — iV — 1, 

and the two binomial factors corresponding to the roots 
will be 



(x±a^by/^^){x±a + b'y^^^)z=:a^zh2ax + a^ + b\ 

Hence, for each set of imaginary roots which arise from 
placing the denominator of the fraction equal to 0, there 
will be a factor of the second degree of the form 

oj^ db 2aa? + a^ + b\ 

257. If the imaginary roots are equal, we shall have, 



a = 0, x= -\-b \/— 1, x= —b V— 1, 

and the factor will become a!^ + b\ 
In the equation, 

a? -- 6cx + lOc^ = 0, 
the roots are. 



a? = 3c + c V— 1> a? = 3c — c V— 1 ; 

comparing these values of x with the general form, we 
have 

a = — 3c b = c, 

^^^ the given equation takes the forni 

a?—6cx+9(^+(^ = 0. 

Comparing the roots of the equation, * 

3^^+407+12 = 0, 

^*th the values of x in the general form, we have 

a = 2, b=z -/§, 
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and the equation may be written under the form 

^ 258. Let us first consider the case in which the deno- 
minator of the fraction to be integrated contains but one 
set of imaginary roots. The fraction will then be of the 
lorm, 

P+Qa? + i?a?+^^+ &c. 



{^x--d) (a? — 6) (a? — A)(a?^+2ar-|-a^+ I?) 

which may be placed under the form 



dXy 



Adx , Bdx . Hdx , Mx + N , 
T r • • • • H ; + -o — t: o — To"^- 



x — a x — b x — h ai^ -{'2ax -{- a^ -{- b^ 

The first three fractions may be integrated by the methods 
already explained: it therefore only remains to integrate 
the last, which may be written under the form 

Mx + N , 



If we make x + a = Zy the expression becomes 

^+b^ "^^^ 
and making iV— Ma = P, it reduces to 

z' + U' ' 
which may be divided into the parts, 

Mzdz Pdz 



2« + 6=» ^ 2* + t»' 

which may be. integrated separately. 
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To integrate the first term, vvc have 

/ 'Mzdz _ r zdz _ M r 2zdz 

in which the numerator, 2zdz, is equal to the differential 
of the denominator : hence (Art. 218), 



/; 



Mzdz M, , , . ,,, 



r« + 6^ 2 
or by substituting for z its value, x + Oj 



/; 



Mzdz -M", p, , ^ , ^, 
M 



= M log Var* + 2aa; + a* + 6*. 
Integrating the second term by Art. 224, gives 

^f by substituting for z its value, a? + a, and for P, 
^-—Ma, we have 

?+i^ = — 6— ^^"s (-6-)' 

**^d finally. 

/• Mx + N _ 

J a?-\- 2ax + ti^ + 1^ ~ 

AflogVa^+2«a; + a'' + ^ + ^il^tang-' (^4f^). 
259. Let us lake, as an example, the fraction 

x'-r^' 
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in which, if +1 be substituted for a?, the denominator 
will reduce to : hence, a? — 1 is a factor of the denomi- 
nator. Dividing by this factor, the fraction may be put 
under the form 



c+/c 



(ar-l)(ar* + ar+l) 



dx^ 



in which x^ + x+\ is the product of the imaginary 
factors. Placing this product equal to 0, finding the roots 
of the equation, and comparing them with the general 
values in the form 

iJC^+2ax + a^ + l?=Q, 
we find 




We may place the given fraction under the form 

c-\- fx A . Mx + N 

* — + 



{x-\){a?-^x^\) x-\ x^^x+\' 

reducing the second member to a common denominator, 
and comparing the coefficients of x in the numerator with 
those of X in the numerator of the first member, we obtain 

3 3 3 

Substituting these values of M and N, as also those of a 
and 6, in the general formula of Art. 258, and recollecting 
that 

/* Adx c-\-frdx c + f, ,. 

.^07-1 S J x-l 3 ""^ '' 
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we find 



/ 



^(ir = -^102(0; - 1 ) - i±/log V^N^^+T 



V 3 



^-'[ri]^^'- 



260. The equation which arises from placing the de- 
nominator of the fraction equal to 0, may give several 
pairs of imaginary roots respectively equal to each other. 
In this case, the factor a?^ ± 2 aa? + a^ + i^ will enter 
several times into the denominator, or will take the form 

(a?2 + 2aa? + a2 + i2)P. 

and hence, that part of the fraction which contains the* 
pairs of equal and imaginary roots, must be placed under 
the form (Art. 251) 

H^-Kx , UP + K'x 

-r 



{x^ + 2ax-\'a''+l)^y {x" + 2ax + d^ + b^) 
W + K^'x H" + K"x 



p-l 



(ar^+2aa7 + a^ + ^T"' a!" + 2ax + a" + U'' 

Now, reducing to a common denominator, and comparing 
I he coefficients, we find the values of the constants 

H, K, H, Kl, H', K" R\ iiC» . . . 

^fter which, multiply each term by dxy and then integrate 
^ie terms separately. 

Since all the terms are of the same general form, it will 
^"^nly be necessary to integrate the first term, which may 
^p written under the form 

H-\-Kx 



[(a; + a)2+67 



dx; 
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wliich, if we make x + a = Zf will reduce to 

H-Ka + K z , 

and making M=H— Ka, it will become 

• M-\'Kz J Kzdz J . Mdz 



(b^ 4- z'y {U" + z'y ^ (6^ + z^y 

The first term of the second member may be placed under 
the form 

KfiU' + z'yzdz, 

and integrating by the formula of Art. 217, we have 

Kzdz 1 K 1 



/ 



{b^+z'Y 2 {i-p){b^ + z'y-'''^^' 

It then only remains to integrate the second term 

Mdz 



{f^' + zy 

By comparing the second member of this equation with 
formula (D), Art. 242, we see that it will become identical 
with the first member of that formula, by supposing 

771 = 1, a = W, 6 = 1, and n = 2 ; 

and hence, by means of that formula, the exponent —p 
may be successively diminished by unity until it becomes 
— 1, when the integration of the term will depend on 
that of 



Km-*, 



But we have already found (Art. 224), 
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and hence the fraction may be considered as cniircly in- 
tegrated. 

261. It follows, from the preceding discussion, that the 
integration of all rational fractions depends on the follow- 
ing forms : 

1st. fx'^dx^z 



m+1 

2d. T— — =±log(a±rc). 

•/ a dz a? 

Integration of Irrational Fractions, ^ 

262. The method of integrating rational fractions having 
been explained, we may consider an irrational fraction as 
admitting of integration when it is reduced to a rational 
form. 

263. Every irrational fraction in which the radical 
quantities are monomials, may be reduced to a rational 
form. 

Let us take, as an example, 

— L 

^/ X — ^a x^ — la 

^ da? or ' 



8/— /— "^> "* I i • 

Having found the least common multiple of the indices 
of the roots, (which indices are the denominators of tlic 
fractional exponents,) substitute for x a new variable, 2, 
with this common multiple for an exponent, and the frac- 
tion will then become rational in terms of z. 
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In the example given, the least common multiple is 6; 
hence we have 

x = z^ and ^=^z\ -^x^:^^ dx = 6z^dz; 
and substituting these values, we obtain 

an expression which may be integrated by rational frac- 
tions ; after which we may substitute for z its value, ^Jx, 

§ 

264. If the quantity under the radical sign is a polyno- 
mial, the fraction cannot, in general, be reduced to a 
rational form. We can, however, reduce to a rational 
form every expression of the form 

in which X is supposed to be a rational function of x. 

If we write a denominator 1, and then multiply the 
numerator and denominator by V^^^\nBx ±. Co?, the 
expression will take the form 

X'dx 



-y/A + Bx^Cx"' 

in which X' is a rational function of x: hence the two 
forms are essentially the same. 

If now, we can find rational values for Va+ BxzLCs? 
and for dx^ in terms of a new variable, the expression will 
take a rational form. 

There are two cases to be considered: 1st., when th« 
coefficient'of a? is positive; and, 2d, when it is negative 



m 
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liCt US consider them separately. First, make 

C/ O 

in which a = 77, ^ = tt* 

In order to find rational values for dx and Va+bx-^a^^ 
place 

Va + 6j? + a;^ = a: + 2:, (1) 

from which, by squaring both members, we find 

a + bx = 2xz + z^y (2) 

and hence, 

and substituting this value in equation (1), 



b — 2z 
^J by reducing to the same denominator, 

V^^T6^T^=-^-=^^^. (4) 

o — 2z 

Let us now find the value of dx in terms of z. For lliis 
purpose we will differentiate equation (2), we then find 

bdx = 2xdz + 2zdx + 2zdz ; 

(rhence we have 

(Jb — 2z)cb = 2{x + z)dz ; 
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and by subtracting equations (1) and (4), and substitufing 
for x + z the value tlius found, we have 

^ ' b-2z 

, , 2{z^-bz + a), ... 
and dx= ^^-—^dz. (5) 

265. Let us lake, as an example, 

dx 



which may be written under the form 

dx 
VCxxVa + bx + a^ 

- M 

and substituting the values of Va -{-bx + x^ and da?, from 
equations (4) and (5), we have 

dx 2 dz 

Va + bx -f^ 6 — 2z ' 

and multiplying the denominator by the value of x, in 
equation (3), 

dx 2dz 

xVa + bx + cc^ z'^ — a' 



and then by Vc, we have 



dx dx 2 dz 

or = r=^ 



Vc X X Va-{-bx + x' X VA+Bx+Cx^ (^'-«) Vc 

which is a rational form, and may be integrated by the 
methods already explained. 
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266. Let us take, as a second example, 

dx 

m 

which may be placed under the form 

dx 



Vh^' 



and comparing this with the form of Art. 264, gives 

c = -y/ci 6 = 0, -» = a. 

Cr 

Hence, 

/dx __ \ r dx 

Having placed 

Vfl + ar^ = 2r + a:, 
we found. Art. 264, equations (5) and (4), 

hence 

/ dx __ /• <^^ _ 1 

Substituting for z its value, and multiplying by — , we 
have 

T— ^== = -llog[V^T^-a:]+c;, 

and subsi.'tuting for a its value, — , we have 



z. 
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f ^^ -~ =-— log' i.(i/A4-6^a^~ca?)l4-C 
J Vh + c'x' c Lc J 

= loff lofff Vli + ^0? — ca?) 4- C. 

c c c 

Lut since the difference of the squares of the two terms 
*vithin the parenthesis is equal to A, it follows that if /* 
be divided by the difference of the terms, the quotient will 
be their sum (Alg. Art. 59). But the division may be 
effected by subtracting their logarithms. Let us, then, 
add to, and subtract from, the second member of the equa- 
tion, — log/^ We shall then have, 

/ — - == log log^H — log/i log( VA+cV— cx)4-C: 
Va+cV c c c c, c ^ 

or by representing the three constants — log log A, 

C C C ' 

and C, by a single letter C, we have 



I-. 



dx 



= — log( Vh -h (?a? + ex) + C. ' 



VA +c'x^ c 
267. Let us take, as a third example, 



dxynF-\-c?, 

V 

Comparing this with the general form, we find ' 

a = 7r? and fc = ; 
nence (Art. 264), 

^Piif\o?=: and diF=— -^ — Tr-^—dz; 
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and conseiiuently, 

which is rational in z ; and, having found the integral in Zf 
Substitute the value of z in terms of x, 

268. Let us nov^r consider the case in which the coeffi- 
cient of a? is negative. We have 

= VC^Va-\'bx — aP. 
If now, we make as before, 

Va + 6a? — or^ = x+Zy 

and square both members, the second powers of x in eaca 
member will not cancel, as before ; and therefore, x can- 
not be expressed rationally in terms of z. We must, 
therefore, place the value of the radical under another 
form. We will remark, in the first place, that the bino- 
mial a + bx — a^, may be decomposed into two rational 
factors of the first degree, with respect to x. For, if we 

make 

a:^ — fcz — a = 0, 

^^i designate the roots of the equation by « and •c', wo 
liave (Alg. Art. 142) 

(a? — 6a? — a) = (a? — «) (a? — «/), . 
^i consequently, by changing the signs, 

(a + &r-a?)= -(a?-*) (a?- «') = (a?- «)(•'-.«•). 

16 
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and placing the second member under the radical, mi 
may make 



V(^--«)(»^-aO = (a: — «)«; (1) 

squaring both members 

(a? — «) (^^ — a?) = (a? — «)'^, 

and by suppressing the common factor a? — «| 

-i' — a? = (a? — €t)s?t (2) 
whence, 









a? = 






an 


id 


X- 


- cs = 


1+r* 


- tf * 


or 


by reducing, 











tiJ -^^m 



which, being substituted in the second member of eqi^ 
tion (1), gives 

V(^— )(-'-^)=-^^«; (4) 

and by differentiating equation (3), wc obtain 

269. To apply iWs method to a particular example 
the form 

dx 

Va + &c — ^ 
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•ubslitute the values of -v/a+Tw — j? and dx, found m 
equations (4^^ and (5) : we find 

dx __ 2{»^ — »)z , _ 2dz 



*^ence 

dx 



f — =-2tang~'^+ C; 

, by substituting for z its value from equation (1), 



f , ^ =C- 2teng- (V{^-»)i'^-^)\ 

J y/a + bx-i^ ^ {,x-») ' 

= C-2tang-'Y/^. 

V X — « 

270. If, in the last formula, we make 

a = 1 and 6 = 0, 

Uie trinomial under the radical will become 1 — o^, and 
the roots of the equation ar^ — 1 = are 

« = — 1 and «' = 1 . 

Substituting these values, and the general formula becomes 



/dx ^ t I \ — X 

-^===C-2tang-V_; 

i and if we suppose the integral to be when a? = 0, we 
shall have 

r 

op-jl = C-2tang-'(l) 

= C - 2(45°) (Trig. Art. VIII) 

= C— 90'>: hence C = — . 

2 
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Substituting this value, and we have 

f ^ = --2tang-x/Li:^, 

271. We have already seen (Art. 219) that 

/dx . _, 

= sin 'a?; 

and hence, 



__2tang Y^^ 



should also represent the arc of which x is the sine 
To prove this, we have (Trig. Art. XXV) 

^ . 2tanff A 
tang2A= - 



1 — tang^ A 



/I /p 

Substituting for tang A, \/ , and reducing, we have 

tang2A=J?_lzL^; 

X 

that is, twice the arc whose tangent is \J - — — is equal 

r\ — i^ 

to the arc whose tangent is . 

X 

/I — ^ 
But the arc whose tangent is _Lz_, is the com'* 

X 

X 

plement of the arc whose tangent is ■ , , (Trig. 

V 1 — a?^ 

Art. XVIII) ; and this arc has r for its sine. Hence, 
either member of the equation 
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represents the arc whose sign is a?. 

272. Let us take, as a last example, the difierential 

da?V2aa: — a?. 

In comparing this with the general form, we find (Art 
268) 

« = and afz=2a; 

and Art. 268, equations (4) and (5), give 

/ — Tjr r- 2(iz J 4az m 

Substituting these values, we have 

8aVd« 



dx'^^ax — o?^ — 



(1 + ^') 



2\3 ' 



which may be integrated by the method of rational 
fractions. 

Rectification of Plane Curves. 

273. The rectification of a curve is the expression fot 
its length. When this expression can be found in a finite 
number of algebraic terms, the curve is said to be rectifiahle^ 
and its length may be represented by a straight line. 

274. The differential of the arc of a curve, referred to 
rectangular co- ordinates, is (Art. 128) 

dz=i ^dx^ + dy^. 
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Hence, if it be required lo rectify a curve, given by its 
equation, 

1 St. Differentiate the equation of the curve. 

2d. Combine the differential equation thus found with 
the given equation^ and find the value of dx^ or dy^ in 
terms of the other variable and its differential. 

3d. Substitute the value thus found in the differential 
of the arc, which will then involve but one variable and 
its differential, Theny by integrating, we shall find an 
expression for the length of the arc, estimated from a 
given point, in terms of one of the coordinates. 

275. Let us take, as a first example, the common para- 
bola, of which the equation is 

y^ = 2pa7. 

Differentiating, and dividing by 2, we have 

ydy =pdcc, 

and consequently, 



da?=ztdf'. 



substituting this V'alue in the differential of the arc, we 
have 



= —dyVfTf\ 
P 

which, being integrated by formula (B) Art. 239, gives 

by supposing m = i, a^ij?, 6=1, « = 2, p = — » 
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,^v^-^=in^^|/^, 



r-7i==iog^yp^+y^+y); 



and integrating the second tenn by the formula of Art. 
266, we have, after maKing A =p^ c^ = 1, 

and consequently. 

If we estimate the arc from the vertex of the parabola, 
we shall have 

y = for 2: = : hence 
O==^logp+C or Crr— -^logp; 

and consequently, 



^^ yy/f-vf Pio^f Vp' + y' + y y 

2;> 2 ^\ p /' 

and hence, the value of the arc, for a given ordinate y, can 
only be found approximatively. 

276. The curves represented by the equation 

are called parabolas This equation may be placed under 
the form 



J. HL 



y=p"x"; 

1 m 

or by placing p"" =p\ and — = n', we have 



y=p'a!'^; 
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or finally, by omitting the accents, the form becomes 

y=px\ 

By differentiating, we have 

dy = npar''^dxy 

and by substituting this value of dy in the differential of 
ihe arc, we have 

z =/( 1 + nya^-^f dx. ' 
The integral of this expression will be expressed m a 

finite number of alffebraic terms when is a whole 

^ 27Z— 2 

number and positive (Art. 235). If we designate such 
whole and positive number by z, we have for the condition 
of an exact integral in algebraic terms, 

1 21*4-1 

^^^=1, or n=-^; 

and substituting for n, we have 

2H-1. 

y=px ''* ' or y2*=p''V*+\ 

which expresses the relation between a? and y when the 
length of the arc can be found in finite algebraic terms. 
There is yet another case in which the integral will be ex- 
pressed in finite and algebraic terms, viz. when ^ o'^'o 

is a positive whole number (Art. 236 and 235.) 

3 
277. If we make i = 1, we have n = — , and 

2- 

which is the equation of the cubic paitibola. 



••^ . 



> ^ . -A- 
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Under this supposition, the arc becomes (Art. 217) 
z =/(l + TiYx^-'jdx = J^(l + -f/a:)^ f C ; 

and hence, the cubic parabola is rectifiable (Art. 273). 

If we estimate the arc from the vertex of the curve, we 
have a? = 0, for z = 0: hence 

= -|-+C, or C=- ® 



27p2 ' 27 p^' 

and consequently, 

278, If the origin of co-ordinates is at the centre of tne 
circle, the equation of the circumference is 

iJ2 = ar^ + y2, 

and the value of the arc. 

If the origin be placed on the curve 

^R r ^ 

both of which expressions may be integrated by series, 
and the length of the arc found approximatively. 

279. It remains to rectify the transcendental curves. 
The differential equation of the cycloid is (Art. 182) 

^/2ry — y^ 



and 



248 
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which gives 



2ry--jr 



Substituting this value of ctr^ in the differential of the 
arc, we obtain 



dz 



W' 



df+ 



fdy 



-v^ ^ V 2r£/ — 







2r — y 
But (Art. 217) 

f{2r-y) «dy = -2(2r-y)'-' + C; 
and hence, 

2r=— (2r)2 2V2r-y+C=-2'/2r(2r-y)+a 

If now, we estimate 
the arc z from jB, the 
point at which y = 2 r, 
we shall have, for 2r = 0, 
y = 2 r ; hence 

= 0+ C, or C=0, 

and consequently, the true integral will be 

z=: — 2V2r(2r — y); 

the second member being negative, since the arc is a 
decreasing function of the ordinate y (Art. 31). 

If now, we suppose y to decrease until it becomes 
equal to any ordinate, as DF = ME, DB will be repre- 
sented by z, or by 2 ^/2r{2r — y), and BE = 2r — y. 

But B^-BMxBE: hence 
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and consequently 

BD = 2BG; 

or the arc of the cycloid^ estimated from the vertex of the 
axis, is equal to twice the corresponding chord of the 
generating circle : hence, the arc BDA is equal to twice 
the diameter BM ; and the curve ADBL is equal to four 
times the diameter of the generating circle, 

280. The diflferenlial of the arc of a spiral, referred to 
polar co-ordinates, is (Art. 202) 

dz = Vdu^ + u^d^. 

Taking the general equation of the spirals 

u = atrf 

we have du^ = n^aV'^d^ ; 

and substituting for du^ and u^ their values, we obtain 



dz = af-'dt Vw^ + f. 

If we make 7i = 1, we have the spiral of Archimedes, 
(Art. 191), and the equation becomes -V' . ; ^ 

dz = adt WTf\ V '■' '^ ^ ' .' ' / ' \ \ 

which is of the same form as that of the arc of the com- 
mon parabola (Art. 275). ^ - /U " «^ "^ 

281. In the logarithmic spiral, we have t = \ogu, and 
the differential of the arc becomes 

dz = duV2+C; 

and if we estimate the arc from the pole, 

z = uV2. 
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Consequently, the length of the arc estimated from the 
pole to any point of the curve, is equal to the diagonal of 
a square described on the radius-vector, although the 
number of revolutions of the radius-vector between these 
two points is infinite. 

Of the Quadrature of Curves. 

282. The quadrature of a curve is the expression of its 
area. When this expression can be found in finite alge- 
braic terms, the curve is said to be quadrable, and may be 
represented by an equivalent square. 

283. If s represents the area of the segment of a curve, 
and X and y the co-ordinates of any point, we have seen 
(Art. 130), that 

ds = ydx. 

To apply this formula tea given curve : 

1st. Find from the equation of the curve the value of y 
in terms of x, or the value of dx in terms of y, which 
values ivill be expressed under the forms 

y = f{^)y or dx=f{y)dy. 

2d. Substitute the value of y, or the value of dx, in the 
differential of the area : we shall have 

ds~f {x) dXf or ds = /(y) dy : 

the integral of the first form will give the area of the 
curve in terms of the abscissa, and the integral of the 
second will give the area in terms of the ordinate. 
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884. Let us take, as a first example, the family of para- 
bolas of which the equation is 

we shall then have 

i. * 

and 
fF(x)dx=:rp*x''dx=—^x - == — ■ — xy+C; 

by substituting y for its value, p"a?". 

If, instead of substituting the value of y in the differential 
of the area 

ydx, 

we find the value of dx from the equation 

« 

we have 



Ji-i 



ax = — ^-7 — dy^ 



and consequently, 



fydx = — I •^dy = —-—^-r'= ^ . ^ ^* 

pm pm 

n 

y"* 

by substituting a? for its value, ^, which is the same re- 

suit as before found. 

Hence, the area of any portion of a parabola is equal 
io the rectangle described on the abscissa and ordinate 
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multiplied by the ratio . The parabolas are theire- 

m -^n 

fore quadrable. 

In the common parabola, 7i = 2, «n = 1, and we 
have 

ff{x)dx=z'-^xt/, 

that is, the area of a segment is equal to two thirds of 
the area of the rectangle described on the abscissa and 
ordinate. 

285. If, in the equation 

we make w = 1, and m= ly it will represent a straight 
line passing through the origin of co-ordinates, and we 
shall have 

ff{x)dx = —xy, 

which proves that the area of a triangle is equal to half 
the product of the base and perpendicular. 

286. It is frequently necessary to find the integral or 
junction, between certain limits of the variable on which 
it depends. 

A particular notation has been adopted to express such 
integrals. 

Resuming the equation of the common parabola 

f = 2px, 

and substituting in the equation ydx the value of da? ^ ^^, 

we have 

fydx = —Jy^dy = t-+C; 
P ^P 
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or, ' the area be estimated from the 
▼f/tex A, we ha^e C = 0, and 

Sydx= ^ 



3p 




Know, we wish the area to terminate a 

at any ordinate PM = 6, we shall then 

take the integral between the limits of y = and y = h; 

and, to express that in the differential equation, we write 



7/0 ^''^^ 



6' 



3p 



which is read, integral of y^dy between the limits y = 
and y = b. 

If we wish the area between the ordinates MP = 6, 
AFP' = c, we must integrate between the limits y =:b, 
y = c. We first integrate between and each limit, viz. : 



AMP = — fK^dy = -^, 
pj 0^ ^ 3p 

AMM'P' = —f^y^dy = 



Sp 



we then have 



PMMP = AMMP' - AMP 

1 



= jfl^^^ 



Sp Sp Sp ^ 



p 



267. Let us now determine the area of any portion of 
che space included between the asymptotes and curve of 
an hyperbola. 
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The equation of the hyperbola referroa to its asymp- 
totes (An. Geom. Bk. VI, Prop. IX,) is 

In the difTerential of the area of a curve ydx^ x and y 
are estimated in parallels to co-ordinate axes, at right an- 
gles to each other. 

The differential of the 
area BCMP, referred to 
the oblique axes AXy 
A y, is the parallelogram 
PMMF, of which 
PM=y and PF = dx. 
If we designate the 
angle YAX=MPXhy 
j3, we shall have 

area PMM'P = ydx sin ^ ; 

M 

and substituting for y its value -—, and representing 

the area BCMP by 5, we have 
as = Msin& — , 




X 



and 



s 



Cdx 
= MsinjS f — = M sinjSloga? + C 
J X 



If AC is the semi-transverse axis of the hyperbola, and we 
make AB=\, and estimate the area s from jBC, we shall 
have, for a: = 1, 5 = 0, and consequently C = ; ajid the 
true integral will be 

« = Msini8loga?. 



INTEGRAL CALCULUS. 255 

Bar, since ABCD is a rhombus, and M= AB x BC (An. 
Geom. Bk. VI, Prop. IX, Sch. 2), and since AB =. 1, we 
liiive ilf = 1, and consequently, 

5 = sin /slog a?. 

Now, since s, which represents the space BCMP for any 
abscissa a:, is equal to the Naperian logarithm of x multi- 
plied by the constant sin/3, s may be regarded as the loga- 
rilhm of x taken in a system of which sin|3 is the modu- 
lus [Mg, Art. 268). Therefore, any lujpcrholic space 
BCMP is the logarithm of the coiTcsponding abscissa 
APa token in the system luhose modulus is the sine of the 
angle included between the asymptotes. 

If we would make the spaces the Naperian logarithms 
of the corresponding abscissas, we make sin/3 = 1, which 
corresponds to the equilateral hyperbola. If we would 
make the spaces the common logarithms of the abscissas, 
make sin/3 = 0.43429945, (Alg. Art. 272). 

288. The equation of the circle, when the origin of co- 
ordinates is placed on the circumference, is 



y^ = 2rx — x^y or y = V 2ra? — a?, 
and hence, the differential of the area is 

dx^/Mrx — x^\ 
and this will become, by making a? = r — w, 

^fdu{f-u^y. 

If we integrate this expression bv formula (B, Art. 239, 

17 
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we have 

^ At 



2 ^ J ^r^^ij^ 



But we have (Art. 253) 



du 



and placing for u its value 

y da? V 2ra: — a? = 
{r — x)^/ 2rx -- a? -\ r^cos~H --^^^^j+ C; 

and taking this integral between the limits a? = and 
X = 2r, we shall have the area of a semicircle. 

For a? = 0, the area which is expressed in the first 
member becomes 0, the first term in the second member 
becomes 0, and the second term also becomes 0, since 
the arc whose cosine is 1, is 0: hence the constant 
€ = 0. 

If we now make x = 2r, the term 

— (r — a7)V2ra: — ar* 
2 

reduces to 0, and the second term to 

lr^cos-H-l) = — 7^^r (Trig. Art. XIV), 
and consequently, the entire area is equal to r'lr, which 



'1 
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conesponds with a known result (Geom. Bk. V, Prop. XII. 

Coi. 2). 

The equation of the ellipse, the origin of co-ordi- 
nates being at the vertex of the transverse axis (An. Geom. 
Bk. IV, Prop. I. Sch. 8), gives 

A 

and consequently, the area of the semi-ellipse will be 
equal to 

fydx=.— I dxV^Ax^a^, 

Integrating, as in the last example, between the limits 
^=0, and a? = 2A, and multiplying by 2, we find AB^ 
for the entire area. This corresponds with a known result 
(An. Geom. Bk. IV, Prop. XIII). 

289. The diflferential equation of the cycloid (Act. 183) is 



dx 



ydy 



^2ry - f 
whence 

fdy 



Sydx=J. 



'yj^ry - 'if 



and applying formula £, (Art. 243) twice, it will reduce ta 

dy 



f 



f 



V 2ry — y 
dy 



; and (Art. 226) 



/ = = ver-sm i — J* 

V2ry — y2 \r/ 



But we may determine the area of the cycloid in a more 
dmple manner by introducing the exterior segment AFKH^ 
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Regarding FB as a 
line of abscissas, and de- 
signating any ordinate as 
KH^ by 2: = 2r — y, we 
shall have 




But 



whence 



d{AFKH) = zdx. 
y2ry — y^ 



AFKH=fdyy/2ry—y^+C 



But this integral expresses the area of the segment of a 
circle, of which the abscissa is y and radius r (Art. 288): 
that is, of the segment MIGE. If now, we estimate the 
area of the segment from AT, where y = 0, and the area 
AFKH from AFy in which case the area AFKH=: for 
y = 0, we shall have 

AFKH = MIGE; 

and taking the integral between* the limits y = and 
y =:2r, we have 

AFB = semicircle M/GS, 

and consequently, 

area AHBM= AFBM- MIGB. 

But the base of the rectangle AFBM is equal to the semi- 
circumference of the generating circle, and the altitude is 
equal to the diameter, hence its area is equal to four times 
the area of the semicircle MIGB ; therefore, 



area AHBM = 3 MIGB^ 
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and consequently, the area AHBL is equal to three times 
the area of the generating circle, 

290. It now remains to determine the area of the spirals. 
If we represent by s the area described by the radius-vec- 
tor, we have (Art. 203) 

, u^dt 

as = ; 

2 ' 

and placing for u its value a^ (Art. 189) 

, aH^"dt , a¥"+* ^ 

as = and s = 1- C, 

2 4n + 2 ' 

and if n is positive C = 0, since the area is when ^ = 0. 
After one revolution of the radius-vector, ^=§2«', and wo 

have 

_ a^(2x)^"+^ 
*"" 4n + 2 ' 

which is the area included within the first spire. 

291. In the spiral of Archimedes (Art. 192) 

a = — and n = 1 ; 
2t ' 

lience, for this spiral we have 



24^2' 



wliich becomes -;-, after one revolution of the radius- 

vector; the unit of the number — being a square whose 

side is unity. Hence, the area included by the first spire, 
is equal to one third the area of the circle whose radius is 
equal to the radius-vector afler the first revolution. 

In the second revolution, the radius-vector describes a 
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second time the area described in the first revolution ; and 
m any revolution, it will pass over, or redescribe, all the 
area before generated. Hence, to find the area at the end 
of the mth. revolution, we must integrate between the limits 

t = (m— 1)2^ and t = m.2^y 

which gives 

i ^9r. 

3 

If it be required to find the area between any two spires, 
as between the mth and the {m+l )th, we have for the 
whole area to the {m + l)th spire equal to 

• i i V 

3 ' 

and subtracting the area to the mth spire, gives 

^— ^ — ' ^ ^9r = 2m?r, 

for the area between the mth and {?n + l)th spires. 

If we make m = 1, we shall have the area between the 
first and second spires equal to 2?r: hence, the area be- 
tiveen the mth and (m+l )th spires, is equal to m times 
the area between the first and second, 

292. In the hyperbolic, spiral n = — 1, and we have 

ds = dt and 5 = . 

2 2t 

The area s will be infinite when ^ = 0, but we can find 
the area included between any two radius-vectors b and c 
by integrating between the limits t = b, t^zc, which will 
give 

^=-2(t-t)- 
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293. In the logarithmic spiral t = logw : hence, dt = — , 

t?dt udu 



bence, 



=/ 



2 

udu 






and by considering the area 5 = when !/ = 0, we have 
C = and 



5 = 



w^ 



Determination of the Area of Surfaces qf 

Revolution. 



294. If any curve BMM^, be re- 
volved about an axis AX, it will de- 
scribe a surface of revolution, and 
every plane passing through the axis , 
AX will intersect the surface in a me- / 
ridian curve. It is required to find the 
differential of this surface. For this A P 1^^ X 
purpose, make AP = x, PM = y, and PP^ = h : we shall 
then have 




PM =/(^) = y, 



FM':=f{x + h) = y + 'f-h + 



dy. d?y}? 



dx da? 1 . 2 



+ &c. 
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In the revolution of the curve BMlWy 
the extremities M and M'*of the ordi- 
nates MP, ArP\ will describe the cir- 
cumferences of Iviro circles, and the 
chord MAf will describe the curved 
surface of the frustum of a cone. The 
surface of this frustum is equal to 
(Geom : Bk. VIII, Prop. IV.) 



(circMP + circAfF) , , ,,,^, 

i ■ X cho7'd MM : 

2 




that is, to 



{^xMP+^tM'P') 



-X chordMM'='r{MP+MP') X chordMM"; 

and by substituting for MP y M'P^ their values, the expres- 
sion for the area becomes 



w 






+ &c.) chord MM\ 



If now we pass to the limit, by making A = 0, the chord 
MM' will become equal to the arc MM' (Art. 128), and the 
surface of the frustum of the cone will coincide with that 
of the surface described by the curve at the point M. If we 
represent the surface by s and the arc of the curve by z, 
we have, after passing to the limit, 

ds-=29rydzy 
and by substituting for dz its value (Art. 128), we have 



ds = 2xy ^/da? + dif : 

whence, the differential of a surface of revolution is equal 
to the circumference of a circle perpendicular to the axis^ 
into the differential of the arc of the meridian curve. 
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Remark. It should be observed that X is the axis about 
which the curve is revolved. If it were revolved about 
the axis Y, it would be necessary to change x into y and 
y into X. 

295. If a right angled triangle CAB be revolved about 
the perpendicular CA, the hypothenuse CB will describe 
the surface of a right cone. If we represent the base BA 
of the triangle by b, the altitude CA by A, and suppose 
the origin of co-ordinates at the vertex of the angle C, we 
shall have 

X : y : : h : b: hence 

y = --x and dy = ---dx, 
^ h ^ h 

Substituting these values of y and dy, in the general for- 
mula, we have 

f2^yVda^+dy^=f2^^dxVi^+¥=^^-^V]?+¥+C, 

h h 

and integrating between the hmits x=.0 and x = h, we 
obtain 

surface of the cone = vbVl^'+W^ 2vb x 

. r, CB 

= arc. An x . 

2 

296. If a rectangle ABCD be revolved around the side 
AD, we can readily find the surface of the right cylinder 
which will be described by the side BC. 

Let us suppose the axis AD = 7i, and AB ~ 6 : the 
equation of the line DC will be y = b: hence, dy = 0. 
Substituting these values in the general expression of the 
differential of the surface, we have 



/2^y Vdx^ + df = f2wbdx =^7rbx -♦- C ; 
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and taking the integral between Uie limits a? = 0, a? = A, 
we have 

surface = 2«-6A = circ.AB x AD. 

297. To find the surface of a sphere, let us take the 
equation of the meridian curve, referred to the centre as 
an origin : it is 

a? + y^ = /^^ 
and by diflferentiating, we have 

xdx + ydy = ; 
hence 

dyz= and air= — 5—. 

y f 

Substituting for dy its value, in the differential of the 
surface 



ds = 2?ry ydo^+d^y 
we obtain 



=f2^y\/i 



da? + —dci?=f2'irRdxz=2KRx+C. 



If we estimate the surface from the plane passing through 
the centre, and perpendicular to the axis of X, we shall 
have 

5 = for a? = 0, and consequently C = 0. 

Now, to find the entire surface of the sphere, we must 
integrate between the limits a? = + J? and x=z —R, and 
then take the sum of the integrals without reference to 
their algebraic signs, for these signs only indicate the- po- 
sition of the parts of the surface with respect to the plane 
passing through the qenlrc of the sphere. 
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Integrating between the limits 

flp = and x=z +Rf 
we find 

and integrating between the limits a? = and a? = — H, 

there results 

5=-2t/JS- 

hence, 

surface = 49rB2-- 2 tt/Jx 2R; 

that is, equal to four great circles, or equal to the curred 
surface of the circumscribing cylinder. 

298. The two equal integrals 

5 = 27rJ?2 and s=—2^R^ 

indicate that the surface is symmetrical with respect to the 
plane passing through the centre. 

299. To find the surface of the paraboloid of revolution, 
take the equation of the meridian curve 

y^ = 2px, 

which being differentiated, gives 

da.=:^-^ and da-^^^^ 
P F 

4 

Substituting this value of dx in the differential of the sur 
face, it reduces to 



266 ELEMENTS OF THB 

But we have found (Art. 217) 

hence, 

and if we estimate the surface from the vertex at which 
point y = 0, we shall have, 

= ^Vc, whence. C= -^-^, 

and mtegrating between the limits 

y=0, y = 6, 



we have 



s^^lif^+ff-p'] 



300. To find the surface of an ellipsoid described by 
revolving an ellipse about the transverse axis. 
The equation of the meridian curve is 

whence 

, E^xdx B xdx 



substituting the square of this value in the differential of 
the surface and for y its value 

A 

we have ^ 

B 



(&=27r— dpv/A*-(A2-jB2)a?^, 
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« 

and if we represent the part without the sign of the inte- 
gral by D, and make 

we shall have 



s = Dfdxy/W-cf. 



But the integral of dx ^W' — a? is a circular segment 
of which the abscissa is a?, the radius of the circle being 
It. If, then, we estimate the surface of the ellipsoid from 
the plane passing through the centre, and also estimate the 
area of the circular segment from the same point, any 
portion of the surface of the ellipsoid will be equal to the 
corresponding portion of the circle multiplied by the con- 
stant D, Hence, if we integrate the expression 



s=fdx's/B?-a? 

between the limits a? = and x = Ay and designate 
by D^ the corresponding portion of the circle whose 
radius is R, we shall have 

— surface ellipsoid = D x IX ; 

hence, surface ellipsoid = 2X) x IX. 

301. To find the surface described by the revolution of 
the cycloid about its base. 

The differential equation of the cycloid is 

V 2ry — y^ 
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Substituting this value of djc in the differential equation 
of the surface, it becomes 

VSry — y^ 
Applying formula (E), Art. 243, we have 

But, / 

J \2ry—y^ J y2r—y 
hence, 

If we estimate the surface from the plane passing through 
the centre, we have C = 0, since at this point s = 
and y = 2r. If we then integrate between the limits 
y = 2r and y = 0, we have 

s = — surface = ^r^ ; hence, 

2 3 ' ' 

s = surface = ttt^, 

3 ' 

that is, the surface described by the cycloid, when it is 
revolved around the base, is equal to 64 thirds of tlie 
generating circle. 

The minus sign should appear before the integral, since 
the surface is a decreasing function of the variable y 
(Art. 31). 
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Of the Cubaiure of Solids of Revolution 

302; The cubaiure of a solid is the expression of its 
volume or content. « 

303. Let u represent the volume or 
solidity generated by the area ABMPy 
when revolved around the axis AX, If 
we make AP = a:, PP^ = A, weTiave 
M'P'=F{x+h). Now, the solid gene- 
rated by the area ABMM'P'y will ex- 
ceed the solid described by ABMP, by 
the solid described by the area PMAPP^, 

The solid described by the area ABMP is a function of 
X. and the solid described by the area ABMM'P' is a simi- 
lar function of {x + A). If we designate this last by u'^ 
we have 




vf =^uA hA h 

dx da? 1.2 da? 1.2.3 

hence, the solid described by PMM'P^ is 



+ &C.; 



, du, , d?u l? . d?u Ji? . p 

W'— W = -— A + -r-r- h -r-5- h &C. 

dx da? 1.2 da? 1.2.3 

Let us now compare the cylinder described by the rectan 
gle P'M with that described by the rectangle PC, The 
equation of the curve gives 

MP = y = F{x) MF=F{x + K)\ 

hence, since PP' = A, 

cylinder described by PM=z ^[F(x)fhy 
cylinder described by P'C = -n- [F{x + h)fh; 
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and the ratio of the cylinders is 

[F{x+h)r . 

the h'mit of which, when h = 0, is unity. 

But the sohd described by the area PMMP* is less 
ihan one of the cylinders and greater than the other, 
hence, the linriit of the ratio, when connpared with either 
of them, is unity. Hence, 

dx 4^ 1.2 ' dx dec'' 1.2 



the limit of which, when A = 0, is 



du 
dx 



^[F(_x)] 



= 1, 



whence 



and finaUy 



g=.tFWr=-y'. 



du = TTi^dx ; 



the differential of the solidity iry^dx being a cylinder whose 
base is ^y^ and altitude dx. 

304. Remark. The differential of a solid, generated by 
revolving a curve around the axis of Y, is 

ira^dy. 

305. Let it be required to find the solidity of a right 
cylinder with a circular base, the radius of the base *r ^n^ 
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r and the altitude h. We have for the differentiad of the 

solidity 

and since y^r^ it becomes 

and taking the integral between the limits a? =0 and a? = i 
we have 

which expresses the solidity. 

306. To find the solidity of a right cone v^ith*a circular 
base, let us represent the altitude by h and the radius of 
the base by r, and let us also suppose the origin of co-or- 
dinates at the vertex. We shall then have 

y = ya? and f = -j^^\ 

^uid substituting, the differential of the solidity becomes 

— 7ra?(ir, 
/r 

^nd by taking the integral between the linats 07 = and 
<^ = h, we obtain 

—r^7:h = nr^X—; 
3 3 

that is, the area of the base into one third of the altitude. 

307. Let it be required to find the solidity of a prolate 
spheroid, (An : Geom : Bk. IX, Art. 33). 

The equation of a meridian section is 

18 
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wlikb gives 






y'=^M^->t>)\ 



du = ^-jgC-^^ — ix^)dxy 



hence the diflferenlial of the solidity i8 

A 
and by integrating 

If we estimate the solidity from the plane passing tlirough 
•he centre, we have for 07 = 0, w = 0, and consequently 
C = 0; and taking the integral between the limits a? = 
and a? = A, we have 



— solidity = — ^jB^ X A ; 



and consequently 



solidity = — tjB^ X 2A. 



But tjB^ expresses the area of a circle described on the 
conjugate axis, and 2A is the transverse axis : nence, 
the solidity is equal to two-thirds of the circumscribing 
cylinder, 

308. If an ellipse be revolved around the conjugate axis, 
it will describe an oblate spheroid, and the diiSFerential of 
he solidity would be 

du = ^cfdy : 
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and substituting for o?^ and integrating, we should find 

solidity = — ^A^ X 2i? : 
o 

that is, two-thirds of the circumscribing cylinder. 

309. If we compare the two solids together, we find 

oblate spheroid : prolate spheroid w A \ B. 

310. If we make il = j8, we obtain the solidity of the 
sphere, which is equal to two-thirds of the circumscribing 
cylinder, or equal to 

311. Let it be required to find the solidity of a para- 
boloid. The equation of a meridian section is 

f = 2px, 

and hence the differential of the solidity is 

du = 2 irpxdx ; hence 

u = irpa? + C ; 

and estimating the solidity from the vertex, and taking the 
integral between the limits a: = and a? = A, and designa- 
ting by b the ordinate corresponding to the abscissa a? = A, 
we have 

u = ^ph^=::vb^x — ; 

that is, equal to half the cylinder having an equal base 
and ahitude. 

312. Let it be required, as a last example, to determine 



\ 

J 



«♦ 
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the Solidity of ihe solid generated by the reyolution of the 
cycloid about its base. 

The difTerential equation of the cycloid is 



hence we have 



du = 



:&- 



which, being integrated by fonniila (E) Art. 243, and then 
by Art. 226, we find the solidity equal to five-eighths of 
the circumscribing cylinder. 



Of Double Integrals. 

313. Let us, in the first place, consider a solid limited 
by the three co-oixiinale planes, and by a curved suifoco 
which is intersected by the co-ordinate planes in the curves 
CB, BD, DC. 

Through any point of 
the surface, as M, pass 
two planes HQF and 
EPG respectively paral- 
lel to the co-ordinate planes 
ZX, YZ, and intersect- 
ing the surface in the 
curves HMF and EMG. 
The co-ordinates of the 
point M are 

AP=Xy P&r=y, MM =z. /c 
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It is now evident that the solid whose base on the co-ordi^ 
nate plane YX is the rectangle AQM^P, may be extended 
indefinitely in the direction of the axis of X without chang- 
ing the value of y, or indefinitely in the direction of Y 

without changing x. Hence, x and y may be regarded 
as independent variables. 

If, for example, we suppose y to remain constant, and x 
to receive an increment Pp = A, the solid whose base is 
the rectangle AQM^P, will be increased by the solid 
whose base is the rectangle M^m'pP ; and if we suppose 
« to remain constant, and y to receive an increment 
Qq = A, the first solid will be increased by the solid whos^ 
base is the rectangle Qqn^M\ 

But if we suppose x and y to receive their incrementu 
at the same time, the new solid will still be bounded by 
the parallel planes epg, hqf, and will difier from the prim- 
itive solid not only by the two solids before named, but 
also by the solid whose base is the rectangle 'n!M^m!N'. 
This last solid is the increment of the solid whose base is 
the rectangle M'Ppml^ when we suppose y to vary; or 
the increment of the solid whose base is the rectangle 
QqrJMy when we suppose x to vary. 

Let us represent by w the solid whose base is the rect- 
angle AQMP ; u will then be a function of x and y, and 
the difference between the values of the increments of «, 
under the supposition that x and y vary separately ; and 
under the supposition that they vary together, will be equal 
to the solid whose base is the rectangle n^M^7n/N\ By 
taking this difference (Art. 83) we have 
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hence, 

solid n WW Jf...M (fu 1 d?u 1 6?u 

hk "~ dxdy 2 do^dy 2 dxdy^ 

and passing to the limit, by making A= and k=0, the 

(Pu 
second member becomes -; — 7-. 

dxdy 

As regards the first member, the rectangle 

and the altitude of the solid becomes equal to M^M = z 
when we pass to the limit : hence 

dxdy ~~ 
314. Although the diflferential coefficient 



dxdy 



= 2:. 



has been determined by regarding w as a function of two 
variables, we can nevertheless return to the function u by 
the methods which have been explained for integrating a 



function of a single variable. 



For we have 



d?u \dx) 



dxdy dy 
hence 

\dxJ - , 

—^dy = zdy: 

and integrating under the supposition that x remains Cbn- 
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Slant, and y varies, we have 

du 

whence 



^=f^dy + Xf, 



%dx = d^Szdy^X!dx; 

and if v^e integrate this last expression under the supposi- 
uon of X being the variable, and make JX! dx = JT, 

u=zJdxfzdy + X+ Y. 

It is plain that the constant, which is added to complete 
ihe first integral, may contain x in any manner whatever; 
and that which is added in the second integral, may contain 
y: the first will disappear when we differentiate with 
respect to y, and the second when we differentiate with 
respect to x. 

The order of integration is not material. If we first 
integrate with respect to x, we can write 

d?u ___ \dy) . 
dxdy dx 

and by integrating, we find 

— =fzdxy u=fdyfzdx: 

hence we may write 

u = ffzdydxy or u=:Jfzdxdy^ 

which indicates that there are two integfrations to be per- 
formed, one with respect to a?, and the r.ther with respect 
to y. 
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315. If we consider the differentials as the indefinitely 

small increments of the variables on which they depend, 

we may regard the prism whose base is the rectangle 

riWm'M!^ as composed of an indefinite number of small 

prisms, having equal bases, and a common altitude dz. 

Each one of these prisms will be expressed by dxdydZf 

and we shall obtain their sum by integrating with respect 

to z between the limits 2: = and z = MM\ which 

will give 

fdxdydz = zdxdy, 

316. It is plain that zdx is the differential of the area 
of the section made by the plane HQF parallel to the 
co-ordinate plane ZX ; and consequently 

fzdx = BieB. of the section HQF. 

Hence, {J zdx)dy is equal to the elementary solid in- 
cluded between the parallel planes HQF, hqf, or 

f{fzdx)dy =fjzdxdy 

is equal to the solid which is limited by the surface and 
the three co-ordinate planes. If we consider a section 
of the solid parallel to the co-ordinate plane YZ, we have 
Jzdy =. area of the section EPG, and ffzdxdy = solidity 
of the solid. 

317. Let us suppose, as a first example, that 

_ 1 

^"ar^ + y^' 
we shall then have 
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Let us now integrate under the supposition that x is con- 
stant ; we then have 

f dy ^ J_^ang-'-^ + X!y 
J a? '\-y^ X X 

in which X^ represcnls an arbitrary function of x. If we 
now make JX'dx — X^ and integrate again under the 
supposition that a? is a variable, we have 

= r^ttng-i + X 

J X X 

The integral of — tang" — is obtained in a series by 
substituting the value of (Art. 228), 

and since, in integrating with respect to a?, we must add 
an arbitrary function of y, which we will represent by Y, 
we shall obtain 

c cdxdy _y ■ y y . y* yl_ . y &. 

We shall obtain the same result by integrating in the in- 
verse order, viz., by first supposing y to be constant. 
Under this supposition 

/dx 1 «, a? , v/ 

___ = _tang _+F, 
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then integrating with respect to a?, 

•^ y y 

But by observing that (Trig. Art. XVIII), 

we shall have, after the second integration, and the addi* 
tion,of an arbitrary function of a?, 

and as we can include the term — logy in the arbitrary 
function Y, this result may be placed under the form 

J J x^ + y^ J y X 

which is the same as the result before obtained, as may be 
shown by placing for tang" — its value, multiplying each 
term by -^, and mtegraling. 

318. When we consider 

ffzdxdy 

as expressing the solidity of a solid, it is necessary to con- 
sider the limits between which each integral is taken, and 
these limits will depend on the nature of the soKd whose 
cubature is to be determined. Let it bt .equired, for ex 
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ample, to find the solidity of a sphere, of which the centre 
is at the origin of co-ordinates. Designating the radius 
by Ry we have 

a^ + y» + z^ = R\ 
and consequently, 

ffzdxdy -Jfdxdy V/^2_^__y2^ 

If now, we suppose y constant, and make iJ^ — y* = iJ'*, 
and then integrate with respect to x, we have 

fdx^/R^^a?--y^=fdx^R'^^a?, 

and integrating this last expression, first by formula (B) 
Art. 239, and then by Art. 220, we have 

Jdx^/W^^=—^/W^^+—R''^m''■^,+ Y\ 

and substituting for R^ its value, we obtain 

It should be remarked, that fzdx expresses the area of 
a section of the sphere parallel to the co-ordinate plane 
ZX^ for any ordinate y =^ AQ, and to obtain this area we 
must integrate between the limits a7 = and x=QF. 
But since the point F is in the co-ordinate plane YX, 
we have for this point z=zO, and the equation of the sur- 
face gives 

QF = x=zVRF^r ; 

therefore, for every value of y the integral fzdx must be 
taken between the limits x = and x = VR^ — y^. Intc- 
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grating between these limits we have 

iince, 8in~*(l) = — : 

hence, 

and taking this last integral between the limits y = and 
y = AC=zRj we obtain 

which represents that part of the sphere that is contained 
in the first angle of the co-ordinate planes, or one-eighth 
of the entire solidity. Hence, 

solidity of the sphere =—R^'T = —iyir. 

We might at once find the solidity of the hemisphere 
which is above the horizontal plane YX, by integrating 
between the limits 



a? = — VR^ — y^ and x= + VE? — y*. 
Taking the integral between the limits 

x = and a? = — VR^ — y^f 

we have fzdx = — — {R^ — y^) ; 

and bet^yeen the limits 

x = and a?= + ^R^^y^^ 
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we have fzdx = -2" (^^ — y^) > 

hence, between the extreme limits, we have 

Szdx = ^{R^-f). 

Then taking the integral 

SdyJzdz^^fdy{B?-f) 

between the Kmits 

1/= —R and y = + iJ, 
we find the solidity to be 

or the solidity of the entire sphere is, 

B 



THE END 
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STngOttOtn^ttQ, with its Application to Navigation and 
Surveying — Naatlcal and Practical Astronomy, and Qeodesy. 
^rice $2.50. 

The Text-Book in Columbia College, New York. 



• 



COURTENAY'S CALCULUS. 

1. <Skment0 of Slifferential axit %nXt%xa\ CaltnlnOt 

by Edwabd H. Coubtbnay, late Professor of Mathematics at the 
. University of Virginia. Price $2.60. 

The Text-Book in the University of Virginia. 



REUCK'S EXAMPLES IN ARITHMETIC. 

1. fieutk's Practical (ffxamples in aritl)metic. De- 
signed for Schools. Price 50 cents. 

The Text-Book in the Ward Schools of New York City. 
8 



National Series of Standard Sch4X>l Books, 



NATURAL PHILOSOPHY AND CIVIL ENGINEERING. 

1. |)arker'0 (ft. ®.) 3nvcnik |)^ib0o}il]s^ Part I., 

Designed to teach Children to Think. 

2. IJarker's Snvcnilt JJIjilosopljSt Part n., or, First 
Lessons in Natural Philosopbt, dcbigued as an Introd action to tho 
School Compendiam. 

3. |)arker'0 Qrompenbium of Natnral anb (Sxpexi^ 

mental JJI)ibS0pl)S^ Embracing the Elementary 

Principles of Mechanics Hydrostatics, Hydraulics, Pneumatics, 
Acoustics, Pyronomics, Optics, Electricity, Galvanism, Magnetism, 
Electro-Magnetic Electricity and Astronomy; also a description of 
the Steam and Locomotive Engines, and of the Electro-MagneUo 
Telegraph. New Edition, enlarged and improved. 

4. Chambers' Mntxohnttion to tlje Qcitnu&. Presenting 

a systematic view of Nature. 

5. Cl)ainber0' Natural IJl)ilo0Opl)2. Embracing Laws 

of Matter and Motion, Meclianics, Hydrostatics, Hydraulics, and 
Pneumatics. 

6. incJTntire'a 2l0tronoms anb tl)e ®lobe0. Designed for 

the use of High Schools and Academies. 

7. BartUtfg (JJrof. to. §. €.) (&ltmtnt& of MttlfanitB, 

Designed for Colleges and Universities. 

8. Sartletf 6 (SUmentd of ^condticd anb QDytito^ 

Designed for Colleges and Universities. 

9. jBartktt's ^nalgtiral iWecljanwe. (A text-book in the 

United States Military Academy.) 

10. jBartletfs (fflements of 3t0tr0n0mB. This work is in 

press, and will soon he published. 

11. (KilUspie'g (JJrof. to. iH., of Union College,) 

JJlannal of fioab-iHaking, Comprising the Location. 

Construction, and Improvement of Koada (Common, Macadam, 

Paved, Plank, &c.) and Bailroads. Tho most complete work before 

the public. 

9 



Published hy A. S, Barnes dt Oo,, New York, 



CHEMISTRY AND GEOLOGY. 

Designed for Elementary Instaruction. 

2. |Jorter'0 (|)rof. J[ol)n 31., or Yale Coubgb) JJractt- 

tal ® i)emi0trs, for Schools and Academies. (In Press.) 

3. ©regorg's (Elements ol Clj^miotra, Designed for 

Students in Colleges. 

*• JJdge'g (Elements of ®^0l08S, Designed for Academies 

and Schools. 



PHYSIOLOGY, BOTANY, AND ZOOLOGY. 

1. ^amiUou'0 b^getabk anb Qlnimal |)l)90i0lo95 

This work is highly approved for Seminaries. 

2. (ttl)amber0' OLxtMUV^ ci Knoxokbge, Containing Ele- 

mentary Lessons in Common Things. 

3. Sijeobore Qri)inker'0 ^r0t £^000110 in Sotans* 

For Juvenile Students. 

4. JIIarb2'0 (JJrof. JToljn) (ffUm^nt0 of jBotans, for the 

Southern States. (In Press.) 

6. (!ri)amber0* (ffl^inent0 of ZoologSt a wort of high 

merit for sohoola. 



BOOKKEEPING, PENMANSHIP, AND DRAWING. 

1. £u\Xoxi axdi <Ia0tman'0 !3ookk^e}iing. A Practical 

Treatise upon Double and Single Entry. 

98ooitit(tpinji Vlanit0, BuIcTi to Conform to pulton anti fiastmtn'K ^^fisttm. 
In Six N08. 

2. Stilton axit (Ea0tman'0 (ttop2^t5ook0^ in 3 Nos. 

These copies are remarkable for their great beauty and absenoe of 
any flourishes or Btiffness. 
10 



national Series of Standard School Moota^ 



s. iFnlton avib €astman'0 C()irograp()it Cljarte, in 2 

N08. Designed to be huDg up in the sciiool-room fpr imitaticn 
and improvement. 

4L S<£ to iPulton anb (Sastman'e (Stiirosrcqi^ic CijartB, 

Giving the principles of Penmanship. 

^LCltrrk's (Elements of JDrawing, Embracing the prin- 

^ dpiea of the subject. 



MUSIO FOR SCHOOLS, FAMILIES, AND CHURCHES. 

1. Kingsleg's [<&tox%t) JTntJeniU Cljoir, Embracing the 

most popular and favorite pieces for the young. 

2. Kingsleg's ©onng Cabg's i^arp. A Book for Female 

Seminaries, with the Piano Accompaniment. 

3. 0l)ertDOob axit Sritton'd Song axdi ^smn Sook. 

A collection of hymns and pieces, to which the various tunes now 
published and sung are adapted. 

4. Cl|e^t)ar'd (Set). ®eo. 13.] QTIiristian iSlelobies. A 

Hymn and Tune Book, for Worship in Schools, Families, and thfr 
Lecture Boom. 

5. Sabbatlj'-ScllOOl ®etnd. A book for Sabbath-Schools : 

B!j J. & A. Cbuikshamk. 

6. Kinqskg'g ^axif of JDamb. A Church Music Book. 

V. ®l)e (Driol^t by Matthews <fe Zundkl. A Collection of 
Juyenile Hymns and Tunes. 

8 IllgmontI) Collection, by Rev. Henry Ward Bbbcher. 

A Collection of about Eleven Hundred Hymns, and Two Hundred 
Tunes; including Standard Hymns hitherto used in Evangelical 
Churches, and Hymns for all the uses which the present enterpriset 
of the Church require. Hymns of Christ have been sought for with 
special diligence — Hymns for Bevivals — for personal private uao— for 
Temperance, Liberty, Missions, &o. — collected to a greater extent 
than is usual in our current collections. (In Press.) 
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GREEK AND LATIN" CLASSICS. 

This Series of the Greek and Latin Classics, by N. C. Brooks, of Balti 
more, is on an improved plan, with pocaliar Adaptation to the wanta cf tlu 
American Student. 



1. iSrookfi'a ^rst Catin Cesgons. This-is ada^i^to any 

Grammar of the language. '^ 

2. jBrooks'e Ccesar's Commentaries. This edition of 

the Commentaries of Ctesar on the Gallic War, besides critica] and 
exi)lanatory notes, embodying much information of an historical, 
topographical, and militiiry character, is illustrated by maps, portraits, 
views, plans of battles, &c. It has a good Clavis, containing all the 
words. 12mo. (In Press.) 

3. Srooks's (DtJib'g iHetamorpljoses. This edition of 

Ovid ia expurgated, and freed from objectionable matter. 8vo. 

4. Brooks's iTirst ®reek Cessons. This Greek ele- 

mentary is on the same plan as the Latin Lessons, and affords equal 
facilities to the student. 12mo. 

6. Brooks's ®reek (fTollertanea (EtJangelica. This con- 
sists of portions of the four Gospels in Greek, arranged in Chrono- 
logical order. 12mo. 



THE SCHOOL TEACHER'S LIBPwARY. 

The Publishers propose to add to this Library, from time to time, volumes 
.ff standard merit, that will aid the teacher in his profession. The follow- 
ing are already published and are much approved. 



1* Vage's {Va. |).) Qri)eors atib Practice of Sreacijing; 

or, The Motives of Good School-Keeping. 

2. JTortljenb's ®eacl)eranb tl)e JJarent. A Treatise upon 

Common-School Education, containing Piactical Suggestions tc 
Teachers and Parents : By Charles Northend, A. M., late, and for 
many years Principal, of the Epes School, Salem : now Superintend* 
ent of Public Schools, Dan vers, Mass. 
12 
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3. Qtmetican (ffbncation. Its Principles and Elements.; 
Dedicated to the Teachers of the United States : by £. D. MAMSFiKLa 

4. Qltneruan Jfnstitntiono atib t^m Jfnflnence, by 

Alsxib Db Tooquevillb, with Notes by Hon. John C. Spenokb. 
This book is the first part of De Tocqueville^s larger work, on the 
Bepublic of America, and is one of the most valuable treatises on 
American politics that has ever been issued, and should be in every 
library in the land. 1 vol. 8vo. 

5. ViamtQ' Cogicof Alatl)ematic0. The Logic and Utility 

of Mathematics, with the best methods of Instruction, explained and 
illustrated. By Chaslbs Davibs, LL.D. 



SCHOOL AND FAMILY LIBRARY. 

SVZBY SCHOOL SHOULD BE FURNISHED WrTH ▲ GOOD LIBBABT. 



1 Colton'g (iRetJ. to alter) 0l)ip atib Sljore^ in Madeira, 

Lisbon, and the MBDrrERRANEAN. Illustrated. 

" This is one of the most charming books of travel that ever was placed befora 
the American public— charming, not only on account of its literary merits, bat 
for the vast amount of information conveyed. Probably more beautiftil pas 
sages and pages have been transcribed from this book, than any other Americar 
▼ork." — Boston (Jourier. 

2. Colton'e €anb anb %tt in the Bosphorus and 

.£oban; or, Vibws of Constantinoflb and Athbnb. Illustrated. 

" It abounds in shrewd remarks and buoyant enthusiamu, reflecting the Joy- 
ousness of the climes it portrays." — N. Y. Evangelist. 

8. (S^oltOxCs VHttk atib |)ort; or, Incidents of a Cruise 

to California, wfth Sketches of Eio Janbibo, Valpababo, Ldca, 
fioNO/.ULU, AND San Fbancibco. Illustrated. 

** Possessing a brilliant imagination, the author has painted In glowing colors 
a thousand pictures of the sea, night and storm, sunshine and calm. Every 
page is fall of glowing thoughts, sublime truths, pure morals, and beautifiU 
aphorisms. It Is a book that will never be out of date." — Fitttbtrg MomiHi 
Post. 
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4. Colton's ffl)ree gears in California, giving a 

bsscbiption of the countbt and its inhabitants, just bbforb tbs 
Gold Fky£B bbokb out, and the Excitement and Tumult which 
ENSUED. Illustrated. 

" While the reader is inHtmcted on every page, be will langh about a bmi- 
dred, if not n thousand, times before he gets throogh this captivadng Tolome." 
— WtuhiMgtim Republic 

" A rare work this for ability, interest, andinformatioa." — Nat. InteUyfenemr, 
** It is the most instructive work on California we have seen." — Com. Ado, 

5. dolton's Sea anb Sailor; or, Notes on France, Italy, 

AND OTHER SkETCHM, FROM THE WriTINOS OF ReV. WaLTER CoLTOH| 

with a Memoir by Key. Henry T. Cheever. Illustrated. 

" The * Sea and Sailor' is a real addition to onr religious literature, and w« 
doubt not it will be widely useful." — N. Y. Observer. 

*' It is a work whose literary merit, attractive form, and interesting and 
varied contents, must make it highly popular."— >Si^ rocuse Gaxdte. 

6. Qrheeoer's (Ret?. ^. (£.] Cifeinti)e Sanbtoicijlslanbo; 

or, Heakt of the Pacific as rr Was and Is. " As a picture of the 
Sandwich I&lands of the present day, we have nothing more com- 
plete than this volume." 

*'We know of no volume which surpasses this in absorbing interest."— 
Am. Courier. 

"The present volume is a work of rare value." — Prov. JoumaL 

1. iWansfielb's ((£. JIIJ.) i^istora of tl)e iStlexiran iDar; 

Its Origin, and a Detailed Account of the Victories, with thi 
Official Dispatches of the Generals. 

*' This is really a Hiftory, and not an adventurous pamphlet."— JT. T. Oourimr, 
** A clear, comprehensive, and manly history of the war." — N. T. IVAun*. 

8. jMansfielb's £ife of ®eneral tiJinfielb Scott, Giving 

a full and faithful narrative of the important events with which tho 
name and services of this eminent soldier is connected. 

" We hail with peculiar delight and pride the work now before us. It hu 
been written by an American hand and dictated by an American heart."— 
Cleaoeland Herald. 

9. Colton's (BetJ. CTaluin) Cife anb Simeg of ^cnxfi 

Clagt FROM HIS Boyhood to his Death. 2 vols., 8vo. 

" Of all the biographies of Henry Clay, this appears to us incomparably 
the most complete, graphic, accurate, and satisfactory."— i\r. 0. Bee. 

** This work is an enduring monnment of the great American Statesman."— 
jr. Y. Evening Mirror. 

'* This work is indispensable to all who wofuld be eovnotly intbrmed of piib> 
lie men and public measures." — MobUe Advertiaer, 
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10. (Ilas'a Cetterg anb Corresjjonbence, Collected and 

arranged ander the sanction of the surviving members of Mr. Clay's 
family: /ly Key. Calvin Colton, LL.D. (In Press.) 

11 CTlag's QpcttilCB, A carefully arranged volume, con- 
taining the most Important speeches of Henry Clay. (In Press.) 

12. Constitutions of all tl)e States of tljt Vinion^ 

Bevised and Corrected from authentic sources. 

" Every true American should bVve this volume in hia library/' 

13. sue SoqneuiUe's WcmottacQ in 3lmmca. The 

Republic of the United States of America, and its Political Insti- 
tutions Reviewed and Examined : by Alexis De Tocqueville, mem- 
ber of the Institute of France, and the Chamber of Deputies, &c., &o. 

*'M. I)e Tocqueville was the first foreign author who comprehended the 
genius of our institutions, and who made intelligible to Europeans the compli* 
cated machinery, wheel within wheel, of the state and federal govcminents. 
His * Democracy in America' is acknowledged to be the most profound and 
philosophical work upon modem republicanism that has yet appeared. It is 
• characterised by a rare union of discernment, reflection, and candor ; and 

though occasionally tinged with the author's peculiarities of education and 
faith, it may be accepted as in the main a Just and impartial criticism upon the 
social and political features of the United States." — IndependenL 

14. CDtDigljt's (If.) £it)es of tlje Signers of tl)e flJeda- 

ration of Inbepenbence, It is believed that a gen- 
eral knowledge of the distinguished men whose names are set to the 
Declaration of Independence, would at all times be considered as 
desirable by the young and rising generations of the Union. 

16. (Solton's (ftet). Cabin) JJublic (Rtonomio. of tl)e 

Hniteb States^ Containing a full discussion of the 

Free -Trade policy. 

16. ImprotJement of tl)e itlinb: by Isaac Watts, D.D. 

"Whoever has the care of instructing others may be«harged with deficiency 
in his duty, if this book is not recommended." — Dr. Johnaon. 

17. jDabg tDiUongijbs ; or, Passages from the Diary of 

A Wife and Motheb in the Seventeenth Century. 

•* Tills Diary purports to have been written in the stirring times of Charles 
the First and Oliver Cromwell, but the allusions to public events are merely 
incidental to the portraiture of liady Willoughby's domestic life. Her picture 
of the little pains and trials which are mixed up with the joys that surround the 
fireside is perfect, and no one can fail to derive benefit from its examination. In 
the very first chapter we are charmed with her simplicity, her piety, and truo 
womanly feeling, and learn to reverence the fictitious diarist as a model for th« 
wife and mother of the nineteenth century."— JViptrorA: Daily AtlvertiMr 
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BOOKS OF TRAVEL, &o. 

1. Slje iHonasteries of i\\t (last, in tlje Ceuant, by 

Hon. Robert Curzon. 1 vol., 12mo. 

2. Cagarb'e Sabglon anb NinetJel). This work contains 

the results of Mr. I«yard*8 second tour in the countries of which it 
treats. It is abridged from the larger edition, but contains all that 
is important to tiie general reader and the Biblical scholar. 

3. Silliman's (JJrof. JSeniamin) bisit to (Euroiiie, \n 

2 vols., 12mo. 

4. Spencer's (Sratieb in (Sgspt ax(b i\]z j^oIq taxtt^ in 

1 vol., 12mo. 

o. St. |)eter6bnrg — Its People — ^Their Character and 
THEiB iNSTrrunoNs: bj Edward Jerrkann. Translated from the 
original German, bj Frederick Hardman. 

6. ffiflcl)nbi's STratJels in |)ern, on the Coast — in the 

Sierra — Across the Cordilleras and the Andes, into the Primeval 

Forests. 

fiTscljnbi's JJerntJian 52lntiqnitie0, Translated by Fran- 
cis L. Hawkes, D. D., LL.D. 1 vol. 

V. Sngetoitter'e dnrope — Past and Present, a com- 
prehensive view of European Geography and History, with an index 
of 10,000 names. 1 vol., 8vo. 

8. (Osborne's JJlrctie J[0nrnal, or Eighteen Months in 
THE Polar Begions, in search of Franklin. 

9. iilontagne's Selections from Saslor, ^ooktx, iSar- 

roU), &c. This volume contains choice extracts from 
some of the old and best English Writers. 12mo. 



1. iJlannal of tlje ^ne 3lrtS, Critical and Explanatory, 

with an Introduction by D. Huntington, N. A. 

2. Cectnres on tlje progress of tlje 52lrts ani Sciences, 

Delivered before the Society of Arts, Manufactures, and Commerce, 
at the suggestion of Hia Royal Highness, Prince Albert ; by Whb- 
WELL, Db La Bachb, Owen, Bell, Platfair, Lindlet, Solly, Wil- 
lis, Olaishjer, Heneman, Boyle, and Washington. 
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«. Cl)e Qttam (ffngine— Steam I3'atJigati0n— RoADi 

AND Raxiikoads, Explained and IlluBta^ted. By Diontbiub Labdnxb, 
D.C.L. 



HOME CYCLOPEDIAS. 

The following valuable works were prepared with the ntmoet care, by 
eminent and competent perHons. In them is con pressed an immense 
amount of valuable information for daily reference, posted up to the prei- 
ent time : — ^they have heretofore been known as Putnam's Home Encyclo- 
pedias. 

" They embrace a greater amonnt of yaluable information concerning the 
satjocti of which they treat, than any other works publiihed." 



1. dsclofiebia of Knitierdal !3iosra}ii)Sf by Pares 

Godwin. 

2. (!r2cl0pebia of HnitJersal ©eograpljB, A Gazetteer 

OF THIS WoBLD I by T. C. Calicott. 

3. ^^tlopthia of Ci)ronoloss ^t^^ iQidtorg; or. The 

Wobld's Pboobess : A Dictionabt of Dates. By Geo. P. Putnaic. 

4. Cgclop^bia of CiUrature anb tifeSint 3lrt0, by Geo. 

BiPLBYand Bayabd Tatlob. 

5. dL^clopcbia of Kseful ^rtS, with Illustrations, by 

T. Aktisell, M. D. 

6. CBClopebia of Science, by Prof. Samuel St. John, of 

Westebn Bbbebvb College. (In Press.) 

V. C^dop^bia of (Surope ; or, Europe Past and Prbs- 

EN9. By F. L. Unoewiiteb, LL.D. 

8. dlTiClopcbia of ^rt\)iUttnxe^ Historical, Descriptive, 

Topographical, Decorative, Theoretical, and Mechanical, alphabeti- 
cally arranged, and familiarly explained, and adapted to the com- 
prehension of workmen, <&c. By BoBSBT Stuabt. 

*' ThlB series of Cyclopedias has been of vast service already, and soTeral 
personal friends have thanked us for commending it to their notice. The 
Information in its pages cannot he obtained elsewhere, eTen in the aioet 
eosUy dlettonaries."— CA. InM . 
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